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THE SPREAD OF A RUMOR OR
INFECTION IN A MOVING POPULATION

HARRY KESTEN AND VLADAS SIDORAVICIUS

ABSTRACT. We consider the following interacting particle system: There is a “gas”
of particles, each of which performs a continuous time simple random walk on Z¢,
with jumprate D 4. These particles are called A-particles and move independently
of each other. They are regarded as individuals who are ignorant of a rumor or
are healthy. We assume that we start the system with N4(z,0—) A-particles at z,
and that the Na(z,0—), € Z%, are i.i.d., mean puy Poisson random variables. In
addition, there are B-particles which perform continuous time simple random walks
with jumprate Dp. We start with a finite number of B-particles in the system at time
0. B-particles are interpreted as individuals who have heard a certain rumor or who
are infected. The B-particles move independently of each other. The only interaction
is that when a B-particle and an A-particle coincide, the latter instantaneously turns
into a B-particle.

We investigate how fast the rumor, or infection, spreads. Specifically, if E(t) =
{x € Z¢ : a B-particle visits = during [0,¢]}, and B(t) = B(t) + [~1/2,1/2]¢, then
we investigate the asymptotic behavior of B(t). Our principal result states that if
Dy = Dp (so that the A and B-particles perform the same random walk), then there
exist constants 0 < C; < oo such that almost surely C(C2t) C B(t) C C(Cit) for
all large t, where C(r) = [—r,7]?. In a further paper we plan to prove a full “shape
theorem”, saying that ¢t ~!B(t) converges almost surely to a nonrandom set By, with
the origin as an interior point, so that the true growth rate for B(t) is linear in .

If D4 # Dp, then we can only prove the upper bound B(t) C C(Cit) eventually.

1. Introduction.

We study the interacting particle system described in the first paragraph of the
abstract. A construction of such a process will be discussed in the beginning of the
next section.

In addition to the possible interpretations of such systems mentioned in the ab-
stract, the B-particles have been interpreted as “packets of energy” which together
with A-particles produce more energy, according to the reaction B + A — 2B (see
[RS]). If memory serves us well, the study of these systems was suggested by Frank
Spitzer to the first author around 1980. At that time only the case when the A
and B-particles perform the same random walks (i.e., Dg = Dp) seems to have
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been considered. Recently, the so-called frog model — which has D4 = 0, i.e., the
A-particles do not move — has been treated by [AMP] and [RS]. In this special case,
in which the A-particles stand still, the model has subadditivity properties which
were used to prove a full shape theorem. More specifically, it is proven in these ref-
erences that there exists a nonrandom set By such that almost surely (abbreviated
to a.s. in the sequel) for all € > 0

1
(1-¢)By C ;B(t) C (14 ¢)By eventually. (1.1)

In this paper we mainly deal with the case D4 = Dp. However, the upper bound
for B(t) (see Theorem 1 below) is relatively easy and is proven even for Dy # Dp.
Probably this bound was known to several people already. It turns out that a
lower bound for B(t) in Theorem 2, in the case D4 = Dp, can be obtained by the
methods of [KS]. It is still an open problem whether B(t) grows linearly with ¢ when
D4 >0,but Dy # Dp. In this case we can only prove that B(t) D C(K1t/(logt)?)
eventually, for some constants K1,p > 0. (We do not give the proof here.) With
an eye towards a possible future extension to the case with D4 # Dp, some proofs
here are given in greater generality than is needed for this paper.

Throughout we shall use N4 (z,t) (Np(x,t)) to denote the number of A-particles
(respectively, B-particles) at position x at time ¢t. Np denotes the total number of
B-particles at time 0. We always take 0 < Ng < oo and consider N, as well as the
positions of the initial B-particles, as non-random. At a site x with a B-particle at
time 0 all particles immediately turn to B-particles. We write N (x,0—) for the
number of A-particles “just before” the B-particles are added to the system. In
accordance with these rules we take N4 (x,0) =0, Ng(z,0) = Na(z,0—)+Npg(z,0)
at a site x to which a B-particle is added at time 0. If x does not have a B-particle
at time 0, then N4 (z,0) = N4g(z,0—) and Np(z,0) = 0. We further define

B(t) = {x € Z* : a B-particle visits = during [0,]},

and the cubes
C(r) = |-, r]d. (1.2)

Our first theorem states that the rumor/infection cannot spread from the origin
faster than linearly in time.

Theorem 1. For some constant Cy < 0o, and all sufficiently large t,

E{number of B-particles with a position outside C(C1t) at time t} < 2Nge .
(1.3)
Consequently it is a.s. the case that

B(t) € C(2C1t) eventually. (1.4)
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This result holds for any D4, Dp > 0 and probably is even valid if one allows
the A and B-particles to perform any random walk with bounded jumps of mean
zero. The next theorem shows that the rumor/infection spreads at least linearly
in time, but only if both the A and B-particles perform simple random walks with
the same jumprate.

Theorem 2. If Dy = Dp, then there exists a constant Cy > 0 such that for each
constant K > 0

P{C(Cot) ¢ B()} < tiK for all large t. (1.5)

Consequently, a.s.
C(Cyt) C B(t) eventually. (1.6)

For proving a shape theorem we will need a form of Theorem 2 which also gives
some information about the possible occurrence of A-particles amid the spreading
B-particles. More specifically, the same proof as for Theorem 2 can be used to
prove the next proposition. This answers a question raised after a lecture on this
material; unfortunately we do not remember who the questioner was.

Proposition 3. If Dy = Dp, then for all K there exists a constant C3 = C3(K)
such that

P{there is a vertex z and an A-particle at the space-time point (z,t) while

there also was a B-particle at z at some time <t — Cs[tlogt]*/?}
1
< e for all sufficiently large t. (1.7)
Consequently, for large t,

P{at time t there is a site in C(Cyt/2) which

2
is occupied by an A-particle} < K (1.8)

Remark 1. It can be checked that the constants C7,C5 do not depend on the
number or positions of the initial B-particles. However, the lower bounds for the
times for which (1.3)-(1.6) are valid do depend on these initial data.

In Section 2 we show how our process can be constructed as a strong Markov
process on a suitable state space. Much of this construction will also be used in the
proof of Theorem 1 in Section 3. Section 4 contains the somewhat involved proof
of Theorem 2, which relies heavily on the method of [KS] and a number of large
deviation estimates for martingales. Finally, the proof of Proposition 3 is given in
Section 5. Some of the detailed proofs are preceded by an outline or heuristics for
the proof.
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2. Construction of a strong Markov process. Throughout this paper we
make the following convention about constants. K; will denote a strictly positive,
finite constant, whose precise value is unimportant for our purposes. The value of
the same K; may be different in different formulas. We use C; for constants whose
value remains fixed throughout the paper. They will again have values in (0, c0).
If necessary, we indicate on what other quantities a constant depends at the time
when it is first introduced. Throughout ||x|| denotes the ¢*° norm of the vector
r=(x(1),...,2(d) € R ie.,

= ). 2.1
2]l = max |a() (2.1)

0 will denote the origin (in Z¢ or R%).

In this section we shall show how to construct our process on a suitable proba-
bility space as a strong Markov process. Most readers will want to skip the proofs
of Lemmas 1-3 and Proposition 4. However, the notation introduced before Lemma
1 will be used at several other places. Also, a good part of the arguments used in
the construction is used again in the proof of Theorem 1.

We want to construct our process as a Markov process with a given initial state
which contains only finitely many B-particles. Our first task is to choose the state
space Yo for our process. We shall assume that there are countably many parti-
cles in our system, which are labeled pi,p2,.... A particle keeps the same label
throughout. The state of our system is described by specifying the location and
type of each particle. We shall also add an artificial cemetery point 0 for each
particle to its coordinate space. Thus, the state space will be taken as a subset
of ¥ = [[;5; (Z?Udy) x {A,B}). If 0 = (0/(k),0”(k)) is a generic point of
3, then o’(k) represents the position of p, and o”(k) represents the type of py.
Occasionally it will be more convenient to use the notation o’(p),c”(p),d(p) for
the position, type and cemetery point of a particle p, without specifying which of
the particles py equals p. To describe the state space ¥y we introduce a process
{Y:}+>0. A priori, each Y; takes values in ¥. Later we add conditions to make sure
that Y; takes values in ¥. We need some definitions. {S}'};>0 will be a random
walk with the same distribution as the random walks performed by the particles of
type n (with S =0, n = A or B). We further attach to each particle p present at
time 0 two random walk paths ¢t — 7wA(t,p) and t — 7wg(t,p). Each {m,(t,p)}+>0
has the same distribution as {S} }+>0 and all these paths are chosen independently.



SPREAD OF A RUMOR OR INFECTION 5

Note that we take all these paths right continuous. We write 7 (¢, p) and 7(¢, p) for
the position and type of p at time t, respectively.

We want to let an A-particle p which starts at z move along the path ¢ +—
z+ma(t, p) until the time 0(p), say, at which it changes to a B-particle, after which
it follows the path t — z4+74(0(p), p) +75(t, p) —75(0(p), p). For all p which have
type B at time 0, we take #(p) = 0 and let p move along the path t — z + 7g5(t, p)
for all ¢ > 0 (z again denotes the initial position of p). Formally, we proceed as
follows. We assume that initially there are in total only finitely many B-particles,
and that none of these sits at a cemetery point. We set 79 = 0. Now let k = 0, or let
k > 1 and assume that we have already found the first k times 7y < 75 < --- < 7%
at which a B-particle has coincided with an A-particle. We also assume that at
each of these times only finitely many A-particles turned into B-particles, so that at
time 7 there are still only finitely many B-particles in the system. Assume further
that we have determined the paths of all particles during the interval [0, 7x]. Then
we know at time 7, which particles are B-particles and also the positions of all
particles. We then assign to each particle p the tentative continuation of its path
on [7x,00), which it would follow if it never changed type anymore. The tentative
continuation of the particle paths is given by

T(Ti, p) + [ma(me +t,p) — ma(ms, p)] i n(re,p) =A

|
(s ) + (15Tt £.9) — 7n(resp)] iEn(riop) = B, D)

(i + £, p) :{

We have to allow that some particles sit at their cemetery point. We therefore
interpret the right hand side of (2.2) as d(p) if w(7%,p) = O(p). As the reader
can check in the definitions below, this has the effect that any particle stays at
its cemetery point once it reaches this cemetery point. After that such a particle
no longer interacts with the other particles and they play no further role in the
construction of the paths of the other particles. We now use these m; to define

Tr+1 = inf{t > 7, : a B-particle coincides with an A particle at time ¢
if the particles move according to the 7y}
= inf{t > 7 : T(t, p") = Tx(t, p") for some p’, p” with n(1y, p’) = B,
(7w, p") = A}. (2.3)

We then take

(s, p) = { k(s,p)  for 7 < s < TRy if (g, p) =A (2.0
’ 7k(s,p) for s > 7 if n(7x, p) = B. '
Moreover,
(5. ) { A for 7, < s < Tpyr if n(Te,p) = A 2.5)
S, p) = . :
e p B for s > 1y, if n(m, p) = B.

In addition we take 7(7x+1, p) = B for those p which have n(7x, p) = A and which
coincide at time 7441 with a p’ which has n(7g, p’) = B. For this special set of
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particles p we take 6(p) = 7,41 and call 8(p) the switching time of p. For all other
particles their type remains unchanged at 7,41. If p is already of type B at time
0, then we define its switching time to be 0. Note that if there are sites with both
A and B-particles in o, then 7 = 0 according to (2.3), and all A-particles which
are at the same location as a B-particle in ¢ immediately change their type to B.
These particles have switching time equal to 0.

These definitions give us Y; through time 744; and we can repeat the procedure
to go till time 7142, etc. We stop the process at

7 := inf{7 : infinitely many A-particles turn into a B-particle at time 7
Or Tpt1 = Tk}
Note that a.s. 7p4+1 = 7 can occur only if there are coincidences of B and A-
particles immediately after 7, so that there must be infinitely many B-particles at
T + € for any € > 0. (For instance, such a situation would arise if at some time
there are infinitely many particles at a site  and a B-particle adjacent to x.) We

shall actually choose Yy such that this possibility has probability 0. We also can
not continue beyond 7. := limg_. 7,. We define for ¢ < min{7, 7.},

v(t) = total number of B-particles at time ¢

and
Y/ (p) = 7(t,p), Y{"(p) = n(t,p).

If min{7, 7o} > 0 and ¢t > min{7, 7 }, then we take

(0(p), A) if n(s, p) = A for
Yi(p) = all s < min{7, 7}
(7(8(p), p) +75(t,p) = TB(0(p), p), B)  if (p) < min{7, 7oc }. 26
2.6
If min{7, 7o} = 0, then we take for ¢ > 0
[ (0(p), 4) if 7(0,p) = A
¥ile) = { (7(0,p) +75(t,p), B) if n(0,p) = B. &1

We further take
v(t) = oo for t > min{7, 7. }.

Thus, at min{7, 7o } all particles which still have type A are moved to their ceme-
tery, while the B-particles continue as B-particles along the appropriate path pre-
scribed by their mp. Since we start off with no B-particles at any cemetery point,
the relations (2.2), (2.6) and (2.7) guarantee that there never are B-particles at the
cemetery points. Thus v(t) is actually the number of B-particles in Z% at time t.

We easily see that our definitions give us the following three properties which
agree with the intuitive description of our system:

if p is already of type B at time 7y, then it will stay of type B for
all t > 7y; (2.8)
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(note that if n(7g, p) = B, then we have two possible prescriptions for 7 (s, p) and
n(s,p) on [Tgy1,00), one using (2.4) and (2.5) as written, and the other using (2.4)
and (2.5) with k replaced by k + 1, but these two prescriptions agree)

if p has type A at time 7y, then it must have been of type A during the
whole interval [0, 7] and 7 (s, p) = (0, p) + 7wa(s, p) for s € [0, 7¢]; (2.9)

once p has become of type B, then its positions change according

to 71-B('a /)); i'e'7 71—(8//7 /)) - 7T<S/7 /)) =TB (SH7 /)) — 7B (5/7 10)
for s > s" > 6(p). (2.10)

We also point out that v(t) < oo for all t < min{7, 7}, directly from the defini-
tions. Finally, we define

Yo = {0 € (2" x {A, B})Z+ : 1 < (number of B-particles in o) < oo,

and P{min{7, 7} = oo|Yy =0} = 1}.
(2.11)

Note that o € ¥y requires that none of the particles in o are at their cemetery
point.

We show in the next three lemmas and Proposition 4 that ¥, is a good state
space for the process {Y;} and that {Y;} restricted to ¥y has the strong Markov
property. Proposition 5 shows that under a product measure of mean p4 Poisson
variables for the numbers of A-particles on the sites of Z¢, almost all choices lead
to an initial point in Xy. In particular X # (). Note, however, that in Lemmas 1 -
3 and Proposition 4 the numbers of initial A-particles at the various sites are not
random. The initial state there is any point of ¥ or ¥, respectively. The basic
o-fields which we shall use are

FY := o-field generated by {Y : s < t}. (2.12)

The elements of these o-fields are subsets of X19°°) the path space for {Y:}i>o0.
The coordinate spaces of ¥, i.e., the spaces (Z¢ U 0y) x {A, B}, are countable. We
endow them with the discrete topology and use the product of these topologies on
PN

Unfortunately the description of ¥, is not very explicit, and it may seem useless
to go through such length to find such a state space. Instead one might choose to
work only with the process starting with independent Poisson numbers of particles
at the sites of Z?. However, we know of no way to prove that such a process has
the strong Markov property without describing the state space ¥y, and our proofs
use the strong Markov property at several places.
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Lemma 1. The process {Yi}i>0 is a Markov process on ¥ with respect to the
filtration {F}}i>0. Its transition function equals

Qs(o,T)=P{Y;elYo =0}, s>0, ' CX. (2.13)

Moreover, t — Y; is right continuous if we use the product topology on 3.

Proof. For all but the last continuity statement, it suffices to prove that for given
0<ty <to < -+ <ty andFiCZ,

P{Y,, €Ty, 1<i<k|Yy =0}

_ / / Q, (0,dor) - Qty—t),_, (Ok—1,doy).

o1€l o€l (214)

It follows from the definition (2.2) that for given t;_1,¢; and Y;, ., the state
Y;, depends only on Y;, , and the increments m,(s,p) — my(ti—1,p) for n = A
or B, t;_1 < s < t; and p any particle. Write (; for the collection of paths
s (s, pr) —mp(ti—1, pr), ti—1 < s <t;,k > 1. Thus (; takes values in the space
[all paths from (¢;_1,t;] to Z¢ x {A, B}}ZJ’. There exist some sets A; = A;(Yy,_,)
in these spaces, such that (still for the given ¢;_1,¢; and Y;, ,) Vs, € I'; if and only
if (; € A;. Consequently,

f){ngZ ely, 1§Z§]{7|YO :U}:P{Cl S Az(Y;z_l)y 1< < k‘YOIO'}

But the (; for different i are independent, and by definition of Q, P{(; € A;(y)} =
Qt,—t,_,(y,T;). (2.14) now follows by induction on k and standard measure theory
(see for instance Theorem 20.3 in [B]).

Lastly, the right continuity of Y follows from the right continuity of each 7, (-, p)
and the fact that Y”/(p) consists of appropriate pieces of wa(+,p), 75(-, p) and
the constant (p) on the intervals [0, min{6(p),7, 7 }), [f(p), min{7, 7»c}) and
[min{7, 70 },00). Also Y/'(p) = n(p) is constant on these left closed, right open
intervals. |

To formulate the next lemma we define
oy (z) = P{S{ = -2}, (2.15)
and

Myo)= Y aulx) > 1=3_10"(p) = Alas('(p).  (216)

z€L4 pio(p)=(z,A)

For purposes of comparison it is useful to couple our system with the system in
which there are no B-particles and in which all original A-particles move forever
without interaction. In this system, which we shall denote by P*, an A-particle p
which starts at z will have position z + m4(t, p) for all t. Thus it coincides with



SPREAD OF A RUMOR OR INFECTION 9

this same particle in the Y-process until 6(p). After this time, the increments of p
in the Y-process will be the same as those of wg(+, p), but in the P* system, the
increments of p will be the same as of w4 (-, p). We write N*(z,t) for the number
of particles at the space-time point (z,t) in the system P*. N*(z,0) is taken equal
to N4(z,0—), the initial number of A-particles at z, but the initial B-particles are
immediately removed in P* and never change the type of an A-particles in P*.
N*(z,t) is an upper bound for the number of A-particles at (z,t) in our original
system, because in that system A-particles can turn into B-particles at some time,
after which they are no longer counted in N4. Thus

> 1< N*(xt). (2.17)

pY:(p)=(2,A)

One more piece of notation. We shall write P? for the measure governing the
process {Y;} given that it starts with Yy = 0. This is the unique measure on the
space of right continuous paths into ¥ with finite dimensional distributions given
by (2.13) and (2.14). E° denotes expectation with respect to P?.

Lemma 2. Fix the initial state 0 € ¥Xo. Then almost surely [P?] the following
properties hold:

min{7, 7o } = 00; (2.18)
M(Y;) < oo for all s, t > 0; (2.19)

and
sup (number of particles at (z,s)) < oo for all z € Z%,t > 0. (2.20)

s<t

Proof. We fix o € ¥y. All probabilities in this proof will be conditioned on {Yy =
o}.
First note that property (2.18) is a matter of definition only, since o € ¥ requires
that
P {min{7, 750} = 0} = 1.

An important consequence of (2.18) is that, almost surely, there are at all times a
nonzero, but finite, number of B-particles in the system.
To start the proof of (2.19) we show that

M(o) < oo for all 0 < s < o0 (2.21)

(note that M,(o) is nonrandom when o is fixed). Assume that this does not hold
and M(o) = oo for some s. Since there is almost surely at least one B-particle
present at time s+ 1, there exists an o € Z% such that P°{there is a B-particle at
(x,s+1)} > 0. Note next that o has the following simple properties:

Qi (2) > e 74y (2), (2.22)
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and consequently M; (o) > e~ Pa%M,; (o). Also
iy s(2) > ap(2)as(z — 27). (2.23)

Therefore M(o) = oo implies

Z Z Qst1(z — )

z€Z p:o(p)=(z,A)

>on(-2) Y Y. a(z) = ai(-2)Ms(0) = o

z€Z4 p:o(p)=(z,A)

The left hand side equals the expected number of initial A-particles p € Z? that
satisfy z(p) + ma(s + 1, p) = x, where z(p) is the initial position of p. The events
z(p)+ma(s+1, p) = x for different p are independent, so that by the Borel-Cantelli
lemma we have that almost surely infinitely many of these events occur. But, on
the event {there is a B-particle at (x,s+1)}, any p for which z(p)+7a(s+1,p) =z
occurs meets a B-particle at or before time s+ 1, so that infinitely many B-particles
arise during [0, s + 1]. This contradicts (2.18) because, as we already pointed out,
v(u) < oo for u < min{7, 7}

Now assume, to arrive at a contradiction, that for some s > 0, P7{M(Y;) = c©
for some ¢t > 0} = C' > 0. Then there exist some D < oo and for each £ < co an
F = F(D, E) such that
P”{ Z ZI[Yt'(p) = 2]I[Y/ (2) = Alas(z) > E + 1 for some t < D — 1} > %

z€C(F) p
(Here and in the rest of the paper we abbreviate ) 4+zqa to > . 4 in cases where
confusion is unlikely. Similarly we abbreviate U,c gnza to U.e4.) Since the paths
™y, are all right continuous, and }_  I[Y,(p) = 2|I[Y,/(z) = A] < N*(z,u), we even
have for some n

PU{ Z N*(z,k27™")as(z) > E for some k < DQ”} > % (2.24)
z€C(F)
It is not hard to see that the process {N*(z,t) : z € Z%};>0 has the (simple) Markov

property with respect to the o-fields F;* := o-field generated by {N*(y,s) : y €
7%, s <t} (see also the proof of Lemma 1). In particular, if we define

ko =inf {k: >  N*(z,k2 ")as(2) > E},
z€C(F)
then for £ < D2™, on the event {ko = k},

E7{N*(0,D + s)|Fy-n} = Z N*(z,k27")ap1s—k2-n(2)
z€Z4

> e PPa Z N*(z, k2 ), (z) > e PPAE.
z€7Z4
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This would imply E°{N*(0,D+s)} > (CE/4)exp[—DD4]. Since E was arbitrary,
this would even imply
E°{N*(0,D+ s)} =0

if C' > 0. But the left hand side here equals

Y BN (2,00 apss(z) = Y I[o(p) = (2, A)apts(z) = Mp4s(0).

z€Z4 2e7d
Thus we finally arrived at a contradiction to (2.21) from the assumption C' > 0.
This proves that for each fixed s, a.s. [P?], M(Y;) < oo, simultaneously for all ¢.
This then also holds simultaneously for all integer s > 0, and by virtue of (2.22)
even simultaneously for all s. Thus (2.19) holds.

Next we turn to (2.20). We already know (2.18) and that v(t) < oo for t <
min{7, 7o }. Since v(t) is nondecreasing in ¢ this shows that sup,., v(s) < oo for
all t < co. Thus we only have to count A-particles in (2.20). But the number of
A particles at (z,s) is bounded by N*(z,s). It therefore suffices to show that for
each fixed (z,t)

sup N*(z,s) < 00 a.s. (2.25)
s<t

To see that this is the case we note that
E?{sup N*(z,s)}
s<t
< E7{(number of A-particles in P* which visit z during [0, t])}
< Z Z P{y+ ma(s,p) = z for some s < t}. (2.26)

y€Z? p:o(p)=(y,A)
But, if p starts at y with type A, then

t+1
/ as(y — z)ds = E{amount of time spent by p at z during [0,¢ + 1] in P*}
0
> P{y + ma(s, p) reaches z at some s < ¢ and stays at z
for at least one unit of time}
> e PaPly + m4(s, p) = z for some s < t}. (2.27)

Thus (2.26) combined with (2.22) and (2.23) shows that
E?{sup N*(z,s)}

s<t

t+1
<P Y S lol) = A [ anly - 2)is

yeZ* p

t+1
<ePh [P S S () = (0 Al (= 2)ds

yezd p

(t+2)D 4 —1 o _
<Py @[S S Tiole) = (0 Alaral)ds

yezZd p
= (t+ 1)e P40y (2)] " Myye(0) < 0. (2.28)
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Of course (2.25), and (2.20), follow from this. |

In the next proposition we shall prove that the Y-process stays in ¥ if it starts
at a o0 € Yy, and that the process on Xy has the strong Markov property. The
next lemma proves a kind of continuity property which is useful in proving these
properties. For L, K, T > 0 we define

Np(C(L),s) = number of B particles outside C(L) at time s,

H(1,L,T) = {suIT)NB(CC(L),s) > 1}

= {there are some B particles outside C(L) during [0,7)}.
(2.29)

and

H(2,L, K,T) = {some A-particle which starts outside C(K) enters C(L)
during [0, 77, still as an A-particle}. (2.30)

Lemma 3. Let 01,00 € ¥ and T < 00,0 < L < K satisfy

al(p) € Z% for all p, i = 1,2, (2.31)
there are only finitely many B-particles in o;, and these lie in C(L), i = 1,2,
(2.32)
and
o1(p) = o2(p) for all p € C(K), (2.33)

i.e., if oi(p) € C(K) fori =1 or2, then o1(p) = o2(p). Finally, let £ be an event
which is a finite union of events of the form

{Ys; (ps) = (z5,m5), 1 < <y ={n(s5,p5) = 25,1(s5,p5) = mj; 1 <j < n} (2.34)
for some fized z; € 74, n; € {A,B}, sj <T, and such that in o1 and oy
p; € C(K) for1 <j<n. (2.35)
Then

|P7H{E} — P72 {E}]
< P2{H(1,L,T)}+ P*{H(2,L, K,T)} + 2P°2{H(2, L, K, T)}.
(2.36)

Proof. To prove this lemma we couple two processes {Y}, i = 1,2, starting from
o1 and oy, respectively, by using the same paths w(+, p), 75(-, p) for all p € C(K)
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(these particles are necessarily the same in o7 and o9 by (2.33)), and independent
copies 4 (-, p), m5(-,p), i = 1,2 for p ¢ C(K) in o1 or 0. Let H'(1,L,T) be the
event that H(1,L,T) occurs for the process {Y*} in this coupling, and similarly
for H(2, L, K,T) and £°. From the paths w4 (-, p),75(-,p) for p € C(K) we can
construct paths (including types) for the particles p € C(K) by using the rules
(2.2)-(2.6), but ignoring all particles which start outside C(K) in either process
Y i =1,2. In other words, we want to act as if we start only with the finitely
many particles in C(K). We denote the resulting position and type of p at time
s by 7% (s, p) and n%(s,p). Because of the coupling these do not depend on i.

We further write £X for the event that (2.34) occurs if 7,71 there are replaced by
7K n&. Finally, let

HX (1, L, T) = there exist s < T for which 7% (s, p) ¢ C(L),

n" (s, p) = B for some p starting in C(K) when

using only the paths (ﬂ'K(', p), (., p)).
Now clearly

|P7H{EY - P72{E}| = |P{E} — P{E%}
< |P{E\HS(1,L,T)} — P{EX\ HX (1, L, T)}| + P{H¥(1,L,T)}.
(2.37)

But
EEN\ (HE(, L, T)UH (2, L, K, T)) € £\ HX(1, L, T), (2.38)

because on the complement of HX (1, L,T) U H!(2, L, K, T) the A-particles which
start outside C(K') cannot interact with any B-particles during [0,7"). Indeed,
the latter particles are formed by means of the paths (7% (-, p),n"(-,p)) and only
appear in C(L) during [0,7), while the A-particles which start outside C(K) do
not enter C(L) and remain of type A during [0, 7. Thus, the type of the particles
which start in C(K) is not influenced by the particles which start outside C(K).
This gives (2.38) and consequently

P{E\HXQ,L,T)} > P{EX\ HX(,L,T)} — P{H'(2,L,K,T)}.
The same argument shows that

P{EX\HE(1,L,T)} > P{E\ HX(1,L,T)} — P{H'(2,L,K,T)}
and hence

|P{E\HE(1,L,T)} — P{EX\HE(1,L,T)}]
< P{H'(2,L,K,T)} = P""{H(2,K,L,T)}. (2.39)
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Still by the same argument,

P{H¥(1,L,T) does not occur}
> P{H'(1, L, T) does not occur} — P{H*(2,L,K,T)}
= P?{H(1,L,T) does not occur} — P°{H(2,L,K,T)},

so that
P{HX(1,L,T)} < P2{H(1,L,T)} + P7>{H(2,L,K,T)}. (2.40)
Finally,
|P{EY\ HE(1, L, T)} — P{E2\ HX(1,L,T)}|
< |P{EX\HN(1,L,T)} — P{EX\ HX(1,L,T)}]
+ |[P{EY\NHE (1, L, )} — P{EX\ HX(1, L, T)}|
+|[P{E2\HE (1, L, T)} — P{EX\ HX(1,L,T)}|,
so that (2.36) follows with the help of (2.37)-(2.40). |

Proposition 4. For each o € ¥¢ one has

P{Y, € ¥y for allt >0} = 1. (2.41)
Also, a.s. [P7],
forallt,s >0, PY{Y!(p) =d(p) for some p} < P**{min{7, 7.} < s} = 0.
Moreover, if £ is a finite union of sets of the form (2.34), then 242
t — PYt{EY} is right continuous a.s. [P?]. (2.43)

The process {Y;} starting at o € X has the strong Markov property with respect to
the filtration {Fi}i>0, where
Fi = MpsoFL. (2.44)

Proof. Unfortunately this proposition has a somewhat circuitous proof. We divide
it into 3 steps.
Step 1. Here we prove that a.s. [P?], for each fixed Ty, 75, L,

lim sup PY*{H(2,L, K,T})} = 0. (2.45)

K—oo t<Ts

We prove this by showing that for all 1,60 > 0, 17,75, L > 0 there exists a
Koy = Ko(o,e;,T;, L) < oo such that for K > K

P“{HthQ PY{H(2,L,K,T})} > 51} < e (2.46)
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To this end we observe that

PYt{some A-particle which is outside C(K) in the state Y;
enters C(L) during [0, T1], still as an A-particle}
< EY*{number of particles outside C(K) which
enter C(L) as A-particles during [0, 73]}
< Z N*(z,t) Z P{an A-particle in P* which starts
2¢C(K) uec(L)
at z visits u during [0, 77]}

< Z N*(z,t) Z eMH2DPa(Ty 4 Vg, 11 (2 — ) (see (2.27) and (2.22)).
2¢C(K) weC(L)

The supremum over ¢ < T5 of the right hand side here has expectation at most

Z Z eMFDDPa(Ty 4 Vg, 11(2 — w)E° {sup N*(z,t)}
2¢C(K) ueC(L) =

< Z Z e(T1+2)DA (Tl —+ 1>O~/T1-|-1(Z — u)(T2 + 1)6(T2+2)DA
2¢C(K)ueC(L)

S S 1l0(0) = (9, Doz y — 2) (see (2.28)).
yezZd p (2.47)

If we sum here over all z instead of only over z ¢ C(K), then we obtain

(Ta + 1)(Tp + DeMHEFIPa N 7% N " Tlo(p) = (y, A)]

uweC(L) yeZd p

x > o 1(z — w)an, 1 (y — 2))
z€Z4

= (T1 + 1)(Tz + D)eMF=HIP N NN "T[0(p) = (y, A)]ar,+1y+2(y — u)
u€eC(L) yezZs p

< (Ty + 1)(Ty + 1)elMHTHDPa N (o (u)] 7 My 41, 13(0) (see (2.23))
u€eC(L)

< 00.

Thus by the dominated convergence theorem the expression (2.47) can be made
arbitrarily small by taking K large. In particular we can make (2.47) smaller than
€1€2. (2.46) then follows from Markov’s inequality, and (2.45) follows from (2.46)
and the Borel-Cantelli lemma.

Step 2. Our second step is to prove that for all o € ¥, €1,60 > 0and 0 < T7,T5 <
00, there exists an L = L(o,¢;,T;) such that

PU{athz PY{H(1,L,T})} > 51} < e (2.48)
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We shall give a proof by contradiction, so we assume that (2.48) fails. Then we can
fix o0 € ¥, g; > 0,T; < oo such that for all L

Pa{at% PY{sup No(C*(L),5) > 1} > 51} > e (2.49)
s<1h

The main step is to show that then for all L there also exists an n = n(L) =
n(L,Ty,Ts,e1,e9) for which
£1

P{3cryonn Pl {sup Np(C*(L),5) > 1} >
s<1i

> (2.50)
2
We deduce this from an application of Lemma 3 with take o1 =Y; and 09 = Yi4p
for some t < T5. We shall let b | 0. First we check that a.s. [P?] (2.31) and the
first part of (2.32) are satisfied for these o;. Indeed, o € ¥y, and by definition this
means that we start with all particles at points of Z¢ and not at their cemetery
point. By the construction of the Y-process we then have that no particle reaches
its cemetery point before min{7, 7.}, and this time is infinite a.s. [P?], by (2.18).
Consequently, Y/ (p) # 9(p) for all t > 0 and all p. Moreover, there are only finitely
many B-particles at all times, since 7o, = 00 a.s. [P?].
We note in passing that the same argument shows that a.s. [P]

PY{Y!(p) = 9(p) for some p} < PY*{min{7, 7.} < s}. (2.51)

Indeed, to apply the preceding argument we only need to know that a.s. [P7],
for all £ > 0, in Y}, there are no particles at their cemetery and there are only
finitely many B-particles. But we just established that there are no particles at
their cemetery, and there are only finitely many B-particles at a finite ¢, because
P?{1. < o0} =0. Thus (2.51) holds and this is the first inequality in (2.42).

Next, by right continuity of s — Y, we have for each fixed p that Y1, (p) = Yi(p)
for all sufficiently small A > 0. Therefore, a.s. [P?], if £ is a finite union of
sets of the form (2.34), then there exist some K;(€), and for all K > K; some
(random) h; = hy(K,t) > 0, such that conditions (2.33) and (2.35) are satisfied
for K > Ki1,0 < h < h;. K; merely has to be such that all p which appear
in the description of £ belong to C(K7) in the state Y;, and h; < 1 such that
Yirn(p) = Yi(p) for all p € C(K;) and h < hy. Then, by (2.36), for K > Ky V L
and 0 < h < hq,

PY{&} <PY+r €} + P+ {H(1,L,T})}
+ PV {H(2,L,K,T))} +2PY+"{H(2,L,K,T})}

+ I[Y; has some B-particles outside C(L) for some s < T + 1].
(2.52)

The indicator function in the right hand side here has been inserted to take care
of the second part of (2.32) which requires in the present application of Lemma 3
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that all B-particles in Y; and Yiyp, lie in C(L). We apply (2.52) with the following
choice: fix L and take L' > L and K > L and

c=enNrK)=1) U U {x(re.p) = z,n(re. p) = B}

k<N 2€C(L')\C(L) peC(K)

with 71, 72,... some enumeration of the rationals in [0,7}). Then & C H(1, L, T}).
On the other hand, for given € > 0 there exist N, L', K large enough such that

PYt{g} > PYt{H(]-?Lle)} -
Consequently, from (2.52),

PY{H(1,L,T))} —¢e < 211%10nf PYern{H(1,L,T))}

+ PV {H(2,L,K,Ty)} + 2limsup PY+"{H(2, L, K, T)}
hl0

+ I[Y; has some B-particles outside C(L) for some s < T + 1].

We now first take K' — oo and apply (2.45). This gets rid of the second and third
term in the right hand side of the inequality above. Next we let £ | 0 to obtain

hmmf PYerr{H(1,L,T))} > 1PYt{Hu L,T))}

— I[Y; has some B-particles outside C(L) for some s < T + 1] a.s. [P7].
(2.53)

Finally we observe that the fact that a.s. [P?] there are only finitely many B-
particles in Y, for s < T + 1 (see (2.41)) implies that

lim I[Ys has some B-particles outside C(L) for some s <Th + 1] =0  (2.54)

L—o0

a.s. [P?]. Therefore, (2.49) and (2.53) together imply that there exists an L < oo
such that for L > L

P7 e, i inf PV {101, LT} 2 2 2 222,

This immediately gives (2.50) for L > L;. It then follows for all L > 0 by obvious
monotonicity in L.

Now fix n = n(L) so that (2.50) holds. We can then apply the strong Markov
property with respect to the stopping time k127", where

by = ba(L) = inf{k € Z: PYhae) {sup Np(C“(L).5) > 1) > 213,
S<T1
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We then obtain for all L

€182

P°{ sup Np(C(L),s)>1} > P{k; < :r22n<L>+1}%1 > 220 (259)

s<T1+T>2+1

But any particle p which is of type B at time T7 4+ T5 4+ 1 has moved at most over
the distance

sup 7B (s1,p) — 7B (s2, p)||
s1,52<T1+T2+1
since its creation (see (2.10)). This displacement is finite a.s. [P?]. However, (2.55)
says that there exist B-particles arbitrarily far out with probability at least £1e5/8.
Therefore, it must be the case that

P?{infinitely many B-particles are created during [0,71 + T5 + 1]} > %.
This, however, is impossible for o € ¥ (see (2.18)). Thus (2.49) leads to a contra-
diction and (2.48) must hold.
Step 3. Note that (2.48), together with the Borel-Cantelli lemma, implies that
a.s. [P7]

Jim. PY*{H(1,L,T)} =0 for all t > 0. (2.56)

We now show that this, together with (2.45) and (2.36), implies the important
continuity property (2.43). From there it is easy to complete the proof of the
proposition. To see (2.43) let t be any time < T and take o9 = Y;, 01 = Y45, and
apply Lemma 3. Note that the roles of 01 and o have been interchanged from
their roles in the lines following (2.50). As before we obtain for £ a finite union
of sets of the form (2.34) that for K > L, K > some K;(€) and sufficiently small
h >0

|pYer{e} — P {EY]

< PY{H(1,L,T)} + P*"{H(2, L, K,T)} + 2P"{H(2, L, K, T)}

+ I[Y; has some B-particles outside C(L) for some s < T + 1]. (2.57)
We now first let h | 0 to obtain
limsup P+ {£} < PY*{&} + PY*{H(1,L,T)}

R10

+ limsup PYe+" {H(2, L, K, T)} + 2PY*{H(2,L, K, T)}
hl0

+ I[Y; has some B-particles outside C(L) for some s < T + 1].

Next we let K — oo and then L — oo and apply (2.45),(2.56) and (2.54), respec-
tively. This yields that a.s. [P?]

limsup PY*+n{£} < PY*{€} for all t > 0.
K10
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The opposite inequality for liminf instead of limsup is proven in the same way, so
that (2.43) is proven.

We come now to (2.42). We already proved the first inequality in (2.51). More-
over, we already know from Lemma 2 that a.s. [P7], M,(Y;) < oo for all s, > 0.
As in the proof of (2.20) this shows that each Y; has the property that

PY*{ sup (number of A-particles at (z,u)) < 0o} =1 (2.58)
u<T
for all z € Z4 and T > 0. Consequently, starting in the state Y;, only finitely many
B-particles are created at any 7, and therefore, a.s. [Pyt], Tk+1 > T for all k and
one cannot have 7 < 7o,. Therefore we only have to prove that a.s. [P?] it holds
for all s,t that PY*{r,, < s} = 0. Now assume that this fails. Then there exists
some C' > 0,1 < D, s < oo such that

P“{PYt{min{?, Too} < s} > C for some t < D — 1} >C. (2.59)

Consequently,if p1, p2,... is some ordering of all particles in o, then for any F,
there exist F' = F(E),G = G(E) < oo for which

PU{PY’&{YS”(p) = B,Y/(p) € C(F) for at least F particles

C
among p1, .-, pa} > o
C
for some t < D — 1} > 7 (2.60)

But by (2.43) the PYt-probability appearing here is right continuous in t. Thus
there exists an n < oo such that

PU{PYkz—"{YS”(p) = B,Y.(p) € C(F) for at least F particles
C
among pi, . . '7pG} > Z
n C
for some k < D2 } > T (2.61)

We then apply the strong Markov property with respect to the stopping time k927",
where

ko := inf {k :PYe=n Y (p) = B,Y!(p) € C(F) for at least E particles

C
among pg, . . '710G} > Z}
This yields
P°{v(D+s) > FE}
= P?{there are at least E particles of type B at time D + s}
C _ C?

> P{k27" < D}Z > 16’
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for all E. By taking E — oo we therefore obtain

02
P10 <D+ s} >—,
16
and this contradicts (2.18). Thus (2.59) cannot hold and (2.42) must be true. This
also proves (2.41), i.e., if the Y-process is started in a state o € X, then it stays
in ¥y forever, a.s. [P?].

Lastly, it follows from (2.43) that this process on ¥, has the strong Markov
property. This can be seen by minor modifications of standard proofs of the strong
Markov property for a Feller process (see [D], Theorem 5.10 and the remark follow-
ing it, or [BG], Theorem 1.8.11). |

We have now shown that the Y-process on ¥ is a nice Markov process, but before
we can accept it as a version of a process as described in the abstract we have to
show that > is not empty. In the next proposition we shall show the even stronger
property that o lies in ¥y a.s. if o is chosen by putting N4(z,0—) A-particles at
z, with the N4(z,0—) i.i.d. mean p4 Poisson variables, and by adding in total a
finite number of B-particles. From now on P without superscript will be used for
the measure governing the Y -process with such an initial measure. This notation
does not indicate the value of 4, nor the location of the B-particles introduced at
time 0, but these quantities have no significant influence anyway. Expectation with
respect to P will be denoted by F without superscript. Note that the description
of our system in the abstract forces all particles at any given space-time point to
be of the same type. Thus if we put B-particles at zq,...,z; at time 0, then we
instantaneously have to change the A-particles there into B-particles.

The proof of the next proposition is basically a Peierls argument. We associate
to each B-particle present at time ¢ and with a switching time before 7, a different
“genealogical path” which describes how the B-particle arose from the B-particles
at time 0 by various coincidences between A and B-particles, and then more or less
count all the genealogical paths to show that the expected number of genealogical
paths at each time ¢ < oo is finite.

Proposition 5. For any choice of the location of the finite number of initial B-
particles we have o € ¥g a.s. [P]. Equivalently

/P{YO € do} P°{min{7, 7oc} = 00} = 1. (2.62)

Proof. 1t is a trivial calculation to show that EM; < oo, so that
M;(0) < oo for all integers t simultaneously, a.s. [P].

The restriction of ¢ to the integers here can be dropped by means of (2.22). Exactly
as in the proof of (2.42) this shows that 7 > 7, a.s. [P], so that we only have to
show

P{Too = 00} = 1. (2.63)
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At any time t, we shall associate to any particle p that has type B, and turned
into a B-particle strictly before 7., a unique genealogical path. One component
of the genealogical path is a space-time path ((-, p) on [0,¢] which keeps track of
the space-time paths traversed by the “ancestors” of p, i.e., by B-particles which
“transmitted” the B-type to p. The genealogical path also contains some additional
ijlformation about the identity of the transmitting particles. The space-time part
¢ of the genealogical path is constructed as follows. If p starts at z and has type B
already at time 0, then its genealogical path is just the space-time path followed by
p, restricted to [0, ¢], that is (s, p) = 7(s, p) = (0, p)+7p(s, p) = z+7p(s,p), 0 <
s < t. If p initially has type A, then p first turned into a B-particle at its switching
time 6(p), which necessarily is less than or equal to ¢t. Moreover, we assumed
p became of type B before 7., i.e., 8(p) < To. The path component of the
genealogical path of p will then be ((s, p) = 7 (s, p) for 6(p) < s < t. Note 8(p) = 7
for some k. At this time either the particle p jumped from some site y to a site
which contained some B-particle p’, or there was a B-particle p’ which jumped
from some position y onto the position of p at time 6(p). In the former case p’ may
not be unique, but we make some choice for p’ among the B-particles at the site
to which p jumps at time 6(p). We now follow the particle p’ backwards in time
till time 6(p’) when it first turned into a B-particle, and take ((s, p) = (s, p’) for
0(p) < s<B(p). IfO(p') =0, then we have defined the genealogical path of p on
the whole interval [0,¢] and we are done. If §(p’) > 0, then 0(p’) = 74 for some
k' < k and p’ coincided with some other B-particle p” at 0(p’). We then follow
P backwards in time etc., till we arrive at time 0. If we now traverse E in the
natural direction from 0 to ¢, then we see that this path starts with following the
path of some initial B-particle, pg, till some time s;. At time s; either py jumps
to a point where there is an A-particle p;, or some A-particle p; jumps at time
s1 to the position of py at timg s1. Thus p; turns into a B-particle at time s,
so that s; = 6(p1). The path ¢ then follows the path of p; till some time s, at
which p; coincides with an A-particle po, which turns into a B-particle due to this
coincidence. This continues until some time sy, at which the A-particle p turns into
a B-particle. Thus s; equals what we called 6(p) before. ¢ then equals 7(-, p) on
[se,t]. We shall take py equal to p.

We shall want to keep track of some further data in the genealogical path. It will
be convenient at this stage to label the initial A-particles by their initial position
and their number in some arbitrary ordering of the initial particles at that site.
Thus (z,m) will be used to denote the m-th particle which started at z. We shall
say that the particle (z,m) ezists if and only if there are at least m particles at
z at time 0. The particle p; appearing in the genealogical path in the preceding
paragraph will also be denoted by (z;, m;). We denote by n; the type of the particle
which jumps at time s;. This particle can be p;, 1 or p;. mn; takes one of the
values A or B. We further denote for 1 < i < ¢ by y; the position from which
the particle jumps at time s;, and by z; the position to which the particle jumps
at time s;. w¢y1 will be the position of p = p, at time ¢. The full genealogical
path associated to p now consists of Z(, p) plus the (z;, si, ni, i, po, pi = (zi,M4)),
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that is, the positions and times of the jumps at which there is a changeover from
one particle to another, as well as which particles jump at these times and which
particles continue along ((-, (z;, m;)). We obtain the genealogical paths of all B-
particles at time ¢ by this forward construction and taking all possible values of Z N
and (x4, Si, M, Vi, Po, Pi), 1 < i < L. Since each genealogical path is the genealogical
path of just one particle, namely py, the number of B-particles at time ¢ is at most
equal to the number of genealogical paths obtained in this forward construction.
A crucial observation is that the p;, 0 < i < £, have to be distinct. Indeed, in the
construction of the genealogical path, p; is a particle whose type changes from A
to B at time s; (with sp = 0), and any particle can change from type A to type
B only once. We also note that p; becomes a B-particle at time s; and then must
move from z; to x; 1 during [s;, s;4+1) if 741 = A, or must move from z; to y;4+1
during [s;, $;41) if 7,41 = B.
We claim that it suffices for (2.63) to prove that for any ¢

E{number of genealogical paths associated to some B-particle at time ¢t} < co.
(2.64)
Indeed, this will imply that the number of B-particles which arises before ¢ is almost
surely finite. Since infinitely many B-particles have been created by time 7., this
will also give

P{15 <t} =0 for any t. (2.65)

Thus (2.64) is indeed sufficient for (2.63). For the time being we shall estimate

E{number of genealogical paths associated to some B-particle

that is in the set F at time ¢},
(2.66)

for any subset E of Z%. Only near the end of this proof shall we take E = Z% to
get (2.63).

We bound the expectation in (2.66) by decomposing with respect to ¢ and the
data (x4, i, Wiy Yi, Po, pi = (ziy,m4)), 1 < i < L. Of course we cannot directly decom-
pose with respect to the s;, but have to follow the usual procedure which specifies
only that the jump occurs in some interval J(k) = J, (k) := (k/n, (k+ 1)/n] and
then let n go to infinity. To this end we introduce the following indicator functions
(with z used as an abbreviation for an ¢-tuple z1, ..., z¢, and similarly for m, k): if
n; = A and 2 <17 </, then

Ii(k,z,m) =I; a(k,z,m) = I[(zi_l,mi_l) is at x;_1 at time (k;—1 +1)/n
and moves from there to z; during [(k;—1 + 1)/n, ki/n)]
x I[(z;,m;) is an A-particle at y; at time (k;/n)—,

it jumps to z; during J(k;) and becomes the B-particle pi+1},
(2.67)



SPREAD OF A RUMOR OR INFECTION 23
whereas for 7, = B, 2 <1</,

Ii(k,z,m) =1; p(k,z,m) = I[(zi_l,mi_l) is at x;_1 at time (k;—1 +1)/n
and moves from there to y; during [(ki—1 +1)/n, k;/n)]
x I[(z;,m;) is an A-particle at z; at time (k;/n)— and
during J(k;) the B-particle (z;_1,m;—1) jumps from y; to xi];
(2.68)
Ioy1 = I[p; moves to a position in E during [(k¢ +1)/n, t]. (2.69)

For i = 1 the definitions of I; 4 and I; p need small changes, which amount to
interpreting (zg,mo) as po, ko as —1 and z( as the initial position of py. For
instance, I p is defined as
I g =1 pk,z,m)= I[po moves from zy to y; during [0, k:l/n)}
x I[(z1,m1) is an A-particle at z1 at time (k1/n)— and

during J(k;) the B-particle pg jumps from y; to 331}. (2.70)
We leave the corresponding definition of I; 4 to the reader. Finally we define

H=H,(k,z,m) = I[the particles p;,1 < j </, together
have at most one jump during J,(k;), 1 <i < E}.

(2.71)
We shall use ] to denote the product over the indices i € [1,£] with 7; = 7.
Also > (©) is the sum over all (-tuples pi,-- -, pe of initial A-particles which are
distinct, and distinct from pg. Finally, le ..... - will be short for the sum over
Z1,...,20 € Z% and over Te+1 € L.

We claim that for fixed py and z, m there are almost surely no common jump
times in the paths of any pair of particles from {pg, p; = (z;,m;) : 1 < i < £}
This follows from the fact that for any p, 7(+, p) can have a jump at a time s only
if ma(+,p) or mp(-, p) has a jump at s (by virtue of (2.2), (2.4)). Our claim then
follows because all the paths w4 (-, p;) and 75 (-, p;) for different 7 are independent. It
follows that, for given z, m, we have almost surely infy H,(k,z,m) — 1 as n — oo.
Consequently,

DD SEED S SIID S

PO T1yeesTpt1 Niye-sNe Y1s--Ye 0<k1 <---<kg<nt

X H AT a(zi,mg) H B (2, m;)

almost surely converges as n — oo to the number of genealogical paths with exactly
¢ changeovers among given pairs (z;_1,m;_1) and (z;, m;), and with final position
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in F at time ¢t. Thus, by Fatou’s lemma,
E{number of genealogical paths with ¢ changeover times associated to
some B-particle which is in F at time ¢}

STRNZIOOID SN VD SHNED SR Sl A

PO T1y-esTeg1l MNiyeesMe Y1,0-Ye 0<ky <---<kg<nt

X H(A)Ii,A(Ziymi) H(B)Iz,B<Zumz)} (272)
Note also that our particles perform simple random walks, so that the sum over
y; in (2.72) can be restricted to the neighbors of z;. The sum over py runs over
the finite number of initial B-particles. For simplicity we restrict ourselves in the
remainder of this proof to the case in which there is only one initial B-particle, and
that it starts from position zo. We can then drop the sum over pg.

We wish to establish some independence between the required jumps and the
required movement of B-particles in the indicator functions in the right hand side
of (2.72). For this we shall again make use of the particle system P*, which we
coupled to our true particle system just before Lemma 2. We shall use Py to denote
the true particle system and use N4 (z, t) for the number of A particles at the space-
time point (x,%) in this true system. Recall that we coupled P* and Py in such a
way that N*(x,0) = N4(z,0—) for all z. Thus in the present situation the N*(z,0)
are i.i.d. mean p,4 Poisson variables. According to our construction Ny(z,t) = 0
for x € Z,t > 7o, and

Ny(z,t) < N*(x,t) for all z € Z,t > 0. (2.73)
It also follows that if n; = A, then
Ii,A(k7 z, m)
< I[in Po, (2i—1,mi—1) moves from z;_; to z; during [(k;—1 +1)/n, k;/n)]
x I[in P*, (z;,m;) is at y; at time (k;/n)— and jumps to z; during J(k;)]
< I[(zi, m;) exists}[[ﬁA(ki/n, (zi,m;)) = y; — z; and (z;, m;)
jumps to x; during J(kl)]

x Imp(ki/n, (zi—1,mi—1)) — w5 ((ki—1 + 1)/n, (zi1, mio1)) = @ — 21
=: K; a(k,z,m)L; a(k,z, m) (2.74)

with K; 4 standing for I[(z;,m;) exists| times the indicator function involving
wa(+, (zi,m;)), while L; 4 stands for the indicator function involving

75 (+, (zi—1,m;—1)) in the right hand side. For i = 1 we interpret kg as —1. Similarly,
if n; = B, then

I; p(k,z, m)
< I[(zi, m;) exists}I[WA(ki/n, (zi,m;)) = x; — zl]
x Irp(ki/n, (zi—1,mi—1)) — 75 (ki1 + 1)/n, (zi—1,miz1)) = yi — Ti
and jumps to x; — x;_1 during J(k;z)]
=: K; p(k,z,m)L; p(k,z, m). (2.75)
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For i = 1 we again take kg = —1. Lastly
Iy < I[ﬂ'B (t, <Zg, mg>) — TR (k?g + 1)/71, <Zg, mg>) e b — .’Eg] =: Lyqq. (2.76)

We may therefore replace I; a,1; g, Ip+1 in the right hand side of (2.72) by the
appropriate right hand sides in (2.74)-(2.76). For brevity we drop k from the
notation. By construction all the paths mg and all the paths w4 are independent.
It follows from this that the left hand side of (2.72) is bounded by

fnfnf- Z > 2 >, Y

STl MiseesMe Y1y--Ye 0<b1 <---<kg<nt

E{H;? H (A)Ki,A(z, m) H (B)KZ'7B(Z, m)}

y E{Hng_i_lH(A)Li’A(z, m)H(B)Li,B(z,m)}, -

where

H)! = I[each particle p; with n; = 1 has exactly one jump in J(k;)].

n

With S7 as in the beginning of this section we can write

E{lﬁ[,{?u+1 [ Lia(zm) [ PLi sz, m)}

< TIPSR k-1 jn = @i = 7]

X H (B)P{S(ii_ki_l_l)/n = y; — x;—1 and has exactly one jump during
J(k;) and this goes from y; — x;_1 to ©; — x;_1}

X P{SE 1,4 1)m € E — x4} (2.78)

To simplify our formulae somewhat we now use that, as in (2.22),

P{S(Bzi_kifl)/n =2 — i1}
> P{S(B;ci—ki,l—l)/n = z; — 2;_1 } P{SP remains constant

during [(kl — ki—l — 1>/TL, (kl - kz_l)/n]}
_ e_DB/nP{S(B;ci—ki_1—1)/n =x; — 5(32'—1}~

We write v = v(n) = v(n, ) for the number of 1 < i < ¢ with n; = A. Then the
last inequality combined with (2.78) shows that

E{HnBLE—I—l H WL; a(z, m) H BL; p(z, m)}
< e”DB/”P{Sf € F— :L'O,S,g/n = x; — xg, for n; = A; S,g/n =1; — o and

S.B jumps from y; — xg to x; — x¢ during J(k;) for n; = B}.
(2.79)
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The right hand side is independent of z, m, so the expectation of the L factors in
the right hand side of (2.77) can be taken outside the sum 3 ().
Next we deal with 3~ () of the expectation of the factors K;. We claim that

Z E{H;? H (A)Ki,A(z, m) H (B)KLB(Z, m)}

M1,...,My
Dapal" TT4) proa  _ (B) praA  _

(2.80)

provided Zml,...me runs only over those ¢-tuples with m; > 1 for which (z;, m;),

1 < i < ¢, are distinct. To prove this, first fix z,m such that all (z;,m;), 1 <
i </, are distinct A-particles (and distinct from pg). For such ¢-tuples, the paths
wa(+, (2, m;)) are independent, and

P{ma(k;/n,{zi,m;)) = y; — z; and (z;, m;) jumps
to x; during J(k;)}
DA

while
P{WA<ki/n7 <Zi7 ml>) =T; — Zz} = P{Sé/n =XT; — Zz}
Consequently, the left hand side of (2.80) is at most

Z E{ ﬁ[[(zi,mi) exists]}

mM1,...,My =1

[an} [IP{SE =y — 2} [T P PLSE 0 = i — 2}

Therefore it suffices for (2.80) to show that

{ Z H I[{zi,ma) eXlstS]}S[uA]”- (2.81)

omyp i=1

To prove this last inequality, we partition the z; into maximal classes of equal 2’s.
More precisely, let ai,...,a, € Z% be distinct, and let T, .. ., T}, be a partition
of {1,...,¢} and let z; = a; precisely for i € T;. Finally, let T; have exactly g;
elements. If we write [N] for N(N —1)--- (N —k+ 1), then

P
Z HI [(z;, m;) exists] :H Na(aj,0)]q,- (2.82)

’I'TL[?, 1 :

The inequality (2.81) now follows by taking the expectation in (2.82). (In fact, since
we assumed that the N4 have a Poisson distribution, (2.81) holds with equality.
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We point out here that (2.81) also holds if N4(z,0) < pa with probability 1, rather
than distributed like a mean p 4 Poisson variable.)

As pointed out, (2.81) proves (2.80). If we sum (2.80) over the z; and use (2.79)
we obtain

Z(E)E{H;?H(A)Ki,A(Ziami)H(B)Ki,B(Ziami)}

X E{HnBLE—i—l H D L; a(zi,my) H BL; p(zi, mz)}
DANAeDB/n v
< [—Mn ] P{SF € E — 0, S, ), = i — o, formi = A; SF = yi — 2o
and SP jumps from y; — zo to x; — xo during J(k;) for n; = B}.
(2.83)

We now fix the set of indices for which 7; = B. Let this set be D = {i; < iy < -+ <
in} C{1,...,0}. Wealso fix the k;, for 1 < j < k. Note that D = (), or equivalently,
k = 0 is possible. Further set ig = 0,ix4+1 = €+ 1,kg = —1,kpy1 = [nt]. Finally
note that

K

v=>_—rK= [ijs1—i; —1], (2.84)
§=0

and that for all integers a,b,r > 0

e O e

a<kpy1<kpio<-<kpir<b

(the sum here is over kpi1, ..., kptr). We now sum (2.83) first over all z;,y; with
i ¢ D. Next sum over the k; with j > 1, but j ¢ D, making use of (2.85). In this
way we obtain that the contribution to (2.72) of the terms with n; = B exactly for
i €D ={iy <iy<--- <}, with £, D and k;, for i; € D fixed (before taking the
liminf over n), is at most

D _ 21 1 K ij41—15—1
Z [DA#AQ B/nr FAR H zg+1 — ki )
Zi,Yi, tE€ED n Zl - 1 j=1 ZJ_H - ZJ - 1)

X P{SI;B € F — xg, and SB jumps from y; — xo to x; — xo during J(k;) for i € D}

211/{

— [DA’”LAeDB/nr_K i) H kij — ki
n Z1—1' Z]+1—ij—1)!

x P{SP ¢ E — x4, and SP has a jump during J(k;) for i € D}

)ij+1—ij —1

__ 1 (DAMA/%&DB/”)“_I
(7:1 — 1)' n

X - [ 1 (DAMA (kij+1 - kij)eDB/”>ij+1—ij—1}
j=1 (ij+1 — ij — 1)' n

x P{SP ¢ E — xy, and S” has a jump during J(k;) for i € D}. (2.86)
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We now sum (2.72) also over £ > k and use Fatou’s lemma to bring the liminf
outside the sum over £. We also rename k;; as r;. Since i,11 = £+1and reqq = |nt|
this yields

E{number of genealogical paths associated to
some B-particle which is in F at time ¢}

|nt| — r,ﬁ)}

o DapaePs/n
<1 [—
<lminf}, > >, ew | —(

K20 D={i1<-<i,} 0<ri<--<ry<nt
1 (DAuArleDB/”>i1—1
n

(i1 — 1)!
K eDB/n

X Jljl [( 1 (DAHA (Tj+1n— Tj) )z'jﬂ—ij_l}

ij_|_1 — ij — 1)'

x P{SP € E — xy, and SP has a jump during J(rj) for 1 <j <k }.
(2.87)

We next carry out the sum over D = {i; < --- < ix}. This transforms the right
hand side of (2.87) into

o DaparieP?/m IS Dapalrjn —ry)elr/m
] j j
minf 3o 3 e | TS+ Y p
k>0 0<ri < --<r,<nt j=1

x P{SE € E — xg, and S® has a jump during J(r;) for 1 <j <k }

= lim inf Z Z exp [D Al At}
e k>0 0<ri < --<r,<nt
x P{SP ¢ E — x, and S® has a jump during J(rj) for 1 <j <k }.
(2.88)

At this point we finally specialize to £ = Z?. With this choice the right hand
side of (2.88) is at most

exp [DAuAt} lin”iio%f Z Z [%r

k>0 0<r1<---<r,<nt

1 [ Dpnt1s
< exp [Dapat] liminf Y- E[ ’Z" ] (by (2.85))
k>0

= exp [(DA,uA + DB)t} < 0. (2.89)

This proves (2.64) and the Proposition in the case when we start with one B-
particle. If we start with Np B-particles at xo 1,202, ..., %0 Ny, respectively, then
we only have to replace the probability in (2.88) by

Np
Z P{SP € E— xg,, and S® has a jump during J(r;) for 1 <j <r }. (2.90)

m=1
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(The z,, do not have to be distinct here). |

Remark 2. A check of the proof shows that (2.81) is the only property of the
initial distribution which is used. In particular, (2.63) also holds for any initial
distribution for which N4(z,0) is a.s. bounded by a constant. A special case of
this last situation is also treated in [RS], Lemma 3.2. The proof also works for
initial distributions which are stochastically below a Poisson distribution. Also, by
the argument given in the next section for Theorem 1, we obtain by specializing to
E = [C(Cht)]°, that (2.81) is sufficient to conclude that (1.3) holds.

3. A linear upper bound for B(t).

In this section we give the Proof of Theorem 1. The arguments preceding
(2.72) show that it is enough to show that for £ = the complement of C(Cit), the
left hand side of (2.72) is bounded by 2Np exp(—t). In turn, it suffices to prove that
the right hand side of (2.88) (with the last factor replaced by (2.90)) is bounded
by 2Npexp(—t) if we take E = C¢(C1t). In order to show this we split the sum
over k in (2.88) into two pieces. The first sum is over x > K3t and the second over
k < Kjt, where K; is chosen so large that the first piece is bounded by (compare
(2.89))

. DaparieP?/m IS Dapalrjn —ry)elr/m
1 [ j j ]
mapNy Y e [Paane? - Dualries
k2K it 0<ri<---<r,<nt 7j=1
x P{S® has a jump during J(r;) for 1 <j < }
1 rDpntyr
< Npexp [DAuAt} lim sup Z —[ B }
n— oo K/‘ n
r>Kit
< Npe~* (for t > 1). (3.1)

Note that this estimate is uniform in C;.

To estimate the second sum, over k < Kjt (for fixed K;), we note that the
increments of S? over disjoint intervals are independent. Thus the sum of the
increments of SZ over

0,49\ |J J(r))
=1
is the same as the distribution of

k—1
B,0 B,j B,k+1
Srl + Z1 S(Tj+1—7“j—1)/n + St—(m-i-l)/n’
]:

where the SP7 are independent copies of SZ. In turn, this sum has the same
distribution as SP /n» and is independent of the increments of S over the J(r;).

In addition, given that S” has a jump in J (rj), the conditional distribution of
ngJrl)/n — S8 s the distribution of

ri/mn
P
> Zn,

m=1
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where Z1, Zs, ... are independent random variables, each with the distribution of
a generic jump of SB, and 1 is independent of the Z;, and 1 has the conditional
distribution of a mean Dp/n Poisson variable, given that this variable is at least
1. In our case P{Z; = +e;} = 1/(2d), so that | Zg’n:l Zm|| < 4, and conditionally
on the event {S? has a jump in J(r;),1 < j < s}, ||SP|| is stochastically smaller
than

’|S£/{/n|| + wl +---+ ¢I{7

with the 1; independent copies of 1, which are also independent of SZ. It is now a
standard large deviation estimate that for fixed Ky and xg ,,, and sufficiently large
C; (independent of the xg ,,, though), and all sufficiently large ¢t and x < K;t

P{SE ¢ C(Cit) — x0.m, SP has a jump in J(r;), 1 < j < K}

< [22]"P{USE /ull + 1§;Klt¢j > 01t/2) < [P2]" expl-(Dapa + D + 1]

We leave the details of this to the reader (compare (2.40) in [KS]). For such a
choice of C it follows that the sum of the terms with x < K;t in (2.88) (with the
replacement of (2.90)) is at most

hnrr_l) io%f Z Z Z exp [D Al At}

1<m<Np 0<k<Kit 0<ri<--<r,<nt
x P{SP € E — xg,,, and S has a jump during J(r;) for 1 < j < r }

1 ntDB

< Npexp [Dapat] lim inf —(
< Npexp [Dapat] liminf > —(—
0<r<Kit

) exp[—(Dapa + Dp + 1)t]
S NBe_t.

For K1,C; as above and E = C°(Cit) we find that the expectation (2.66) is
bounded by 2Np exp(—t) for all large ¢, so that (1.3) holds. (1.4) now follows from
the Borel-Cantelli lemma and the fact that B(t) is increasing in t. [

4. A linear lower bound for B(t) when D4 = Dpg. In this section we shall
prove Theorem 2. We remind the reader that P without superscript stands for the
the measure governing the Y-process when the initial N4 (x,0—) are i.i.d. mean p4
Poisson variables and a finite number of B-particles are added at time 0. Through-
out this section we assume that the A and B-particles perform random walks with

the same distribution, that is
Dy = Dg. (4.1)

Therefore, the paths m4(+, p) and 75(-, p), which were introduced in the beginning of
Section 2, have the same distribution. From this one can show that the distribution
of the positions of all the particles will remain the same if we do not use the paths
m5(-, p) at all, that is if we replace mp in (2.2) by m4. For the case with D4 = Dp
we shall use this different construction. We then have that the position at time s
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of a particle p which starts in z is 2+ m(s, p) for all s. However, the type of p will
change from A to B at 6(p), the first instant when p coincides with a B-particle.
These paths w4 (+, p) for different p are independent and so, as far as position of the
particles is concerned, there is no interaction. Thus the system of particles which
start out as A-particles (i.e., all particles but the finitely many initial B-particles)
is the same as the system P* introduced in Section 2 just before (2.17), as far as
positions of particles are concerned. In agreement with Section 2 we write N*(x, t)
for the number of particles at the space time-point (z,t) which started out as an A-
particle (but whose type may have changed to B by time t). Of course, this assumes,
as before, that P* is coupled with the true system such that N*(x,0) = Na(z,0—).
In the present setup this means that the N*(x,0), z € Z¢, are i.i.d., mean p.
Poisson variables. The system P* is then stationary in time for ¢ > 0. It is
convenient to extend the system P* to a stationary system defined for all times
t € R, including negative ones. For our system of non interacting random walkers
this can easily be done by extending the path ¢ — 74 (t, p) for each particle p present
at time zero to all ¢ in such a way that {—ma(—t, p) }+>0 has the same distribution as
{ma(t,p)}i>0, and in such a way that all paths {ma(-, p")}, {ma(-, p")} (with p’, p”
varying over all particles present at time 0) are independent. We shall still use the
notation P* for the extended system. The configurations {N*(z,t), z € Z%} are
stationary in time in P*.

We first give a rough outline of the proof of Theorem 2. The simplest case is
the one with d = 1 and only one B-particle at the origin at time 0. In this one-
dimensional case, there is for each ¢ a rightmost B-particle, at position R(t) say,
and a leftmost B-particle at position —L(t). At time ¢ all particles in [—L(t), R(t)]
are B-particles and all particles outside [—L(t), R(t)] are A-particles. Basically we
want to show that liminf;~o R(t)/t > 0 and similarly for L(t). If there is exactly
one particle at R(t) at time ¢, then the rightmost B-particle moves left or right by
one unit, each at rate Dp/2. However, if there is more than one particle at R(t)
at time ¢, then the rightmost particle moves one step to the right as soon as one
of the particles at R(t) makes a jump to the right, whereas the rightmost position
moves a step to the left only when all particles at R(t) move to the left. Thus,
the rightmost B-particle has a drift to the right at all times when there is more
than one particle at R(¢). When there are several particles (of either type) “close
to” the rightmost B-particle, then there is a positive probability that in the next
time unit several particles will coincide with the rightmost B-particle. This will
still provide R(-) with an upwards drift. The only way for R(t)/t to become small
(with a non-negligible probability) is if the particle at R(s) has for most s € [0, t]
no particle nearby. We therefore want to show that the probability of this event
goes to 0. It seems to be very difficult to use any special properties of the path
s — R(s), because of the complicated dependence between R(s) and the position of
particles relative to R(s). One therefore proves the stronger statement that for any
€ > 0 there exists a constant K; > 0 such that with probability 1 —e any “decent”
path s — 7(s),0 < s < t, has several particles in [7(s) — K1, 7(s) + K;] for s in a
subset of [0,%] of measure at least (1 — ¢)t. Here, a decent path is a path with at
most Kot jumps during [0, ¢] for a K5 which will be specified in the proof.
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The situation is somewhat more complicated in higher dimensions, but for a
given = € Z% one can still construct a path t — A(¢,x) which has a drift towards =
at every time ¢ when there is more than one particle at A(¢, z). Roughly speaking,
one does this by letting A jump with the first particle which jumps away from
present position of A only if such a jump takes A closer to z. (The lines right after
the proof of Proposition 9 give a somewhat more technical description of this drift.)
As in dimension 1 this reduces the problem to showing that for any € > 0

any decent path s +— m(s),0 < s < t, has several particles in the cube
7(s) +C(K3) for s in a subset of [0,¢] of measure at least (1 — ¢)t. (4.2)

(4.2) basically says that there are no paths in space-time which spend much
time in regions with a density of A-particles which is much too low. One therefore
wants a large deviation estimate for the density of the A-particles in the downwards
direction (along paths in space-time). This is a counterpart to Theorem 2 of [KS] in
which we proved a large deviation estimate of this kind for deviations of the density
in the upward direction. It turns out that one can more or less follow the lines of
that proof for (4.2) as well. In fact the proof for (4.2) is considerably simpler than
the one used in [KS]. Note that (4.2) is a statement about the system of A-particles
only; we are no longer concerned with the B-particles.

To explain how (4.2) is proven we need some more notation. This notation is
more or less the same as in [KS], but some quantities (notably -, and ®,) have
altered definitions. As in the previous sections Na(z,t) and Np(z,t) denote the
number of A-particles and B-particles at (x,t). A pathm = (xg, 21, ..., Ty) IS oW a
sequence of vertices of 7% with Tjt1—x; = £e;, 1 <@ < d. We regard the x; as the
succesive positions of a space-time path 7. There are many space-time paths which
traverse the same positions. A space-time path 7 is specified by giving its successive
positions z; and jumptimes s;. For s; < s5... we shall sometimes denote the path
which jumps to x; at time s; by 7({s;, z;}). We make the convention that sy = 0,
and unless stated otherwise, xog = 0. In addition we are here only discussing space-
time paths over the time interval [0, t], so we tacitly take s,, <t. 7T({s;, x;}) is then
the path which is at position x; during [s;, s;+1) for 0 < i < m, and at position
Ty, during [s,,,t]. If it is important that the path has exactly m jumptimes, then
we shall write 7({s;, z;}i<m). Throughout this proof we shall only consider paths
which are contained in

C(tlogt) = [tlogt,tlogt]®.

We shall be particularly interested in the following class of paths with exactly ¢
jumps:

E(l,t) = {m({si,xi}o<i<e) With 0 < 57 < --- < sp <t and z; € C(tlogt)}. (4.3)
Next, for some large integer Cp and r = 1,2, ..., we take

A, =C", (4.4)
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d
B, (i, k) := [[li()Ar, (i(s) + DA,) x [kA,, (k+1)A,), (4.5)
s=1
d
B.(i,k) = []1(i(s) = 3)A,, (i(s) + 4)A,) x [(k = DA, (k+ 1)A,).  (4.6)

For z = (x(1),...,2(d)) € Z% we further write

d

Q,(x) = [[lx(s), 2(s) + Cp). (4.7)

s=1

Note that the edge size of the cube Q, is only CJ and not A,. We also introduce
the random variables

U= > No)= > N, (4

y€Q,(x) yx(s)<y(s)<z(s)+Cq
1<s<d

(We shall need this only for integer times v.) Note that the so-called r-blocks
B,(i,k), i € Z% k € Z, form a partition of space-time, Z? x R. The r-block B,.(i, k)
is called bad if

Ur(x,v) < vruaCgr for some (z,v) with integer v for which
Q,(z) x {v} is contained in B, (i, k). (4.9)

The 4, in this definition are given by (4.17) below. For the time being the only
important property is that

1
O<’yo<'yr<'yoo§§,r20. (4.10)

Roughly speaking, the bad blocks are blocks in which the density of A-particles is
lower than half the expected density on some subcube of specified size. Finally we
define for any space-time path 7

¢, (7) = number of bad r-blocks which intersect the space-time path 7 (4.11)

and
o) = sup (7). (4.12)

7e 2(0t)

We suppress the dependence on t of ®,. and related quantities in our notation. This
is unlikely to cause confusion.
The principal estimate is now the recursive relation

() < Co VD, () + G5 WL (0) (4.13)
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for some random variable W, (¢) which is small in the probabilistic sense made
precise in Lemma 7. (4.13) and Lemma 7 are based on an estimate for

P{B,+1(i, k) is good, but contains a bad r-block},

plus an argument from percolation. A simple estimate for the Poisson distribution
shows further that for any choice of K there exists a Ky = K4(K,d, j14) such that
if R = R(t) satisfies
Cl > Ky logt]? > cl1,
then ,
P{®,(¢) > 0 for any r > R and any ¢ > 0} < K (4.14)

for large t. Once we have (4.13)-(4.14) and the probability estimate of Lemma 7
for U, 1, it follows easily that also

—6r 2
P{®,.(£) > eoCy % (t + ¢) for some r > ro, £ > 0} < K (4.15)
for large t (see Proposition 9). This is essentially the desired (4.2). Indeed, except
for showing that we only need to consider ¢ < Kyt, (4.15) for some large r shows

that the relevant space-time paths intersect few bad r-blocks.

We now fill in the details. The constants Cy and 7, already mentioned above
are chosen as follows: vy > 0 is a constant which satisfies

1
/4 -
0 <7 H —27/ < (4.16)
We take
1 7-1
=7, Yr+1 =70 H [1 - ]—./4} , 7> 0. (4.17)
=1 Co

Then (4.16) together with Cy > 2, implies (4.10). Further, Cy is an integer which
is so large that for all » > 1,

_r 1 d —r/2 —r — 1 —or

o /2—(1—M)(1—e—00 -G T 56 @)
0

as well as

r 1 —3)r
3d+1C’g(d+1)( +1) exp [— §'yOuAC(d 1 } <1, r>1. (4.19)

Here Cy is the constant of Lemma 6 below. Since C4 will not depend on Cy, we
can indeed fulfill (4.18) and (4.19) by taking Cy large. The A,, B, B, and U, are
defined in (4.4)-(4.8). In addition we need

Bra,k) =[] [ r (1(5) +2)A0) x [kA; — Ay, (K + 1AL),

s=1
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d

Vo(i) = [ [(i(s) = 3)A,, (i(s) + 4)A,),

s=1
and the pedestal of B,.(i, k) which is defined as

d
V(i k) = V(i) x {(k ~11 1 o (i(5) + DA) x {(k - DA, ).

In analogy with the definition of a bad block we call the pedestal V,.(i, k) bad if
Up(z, (k= 1)A,) < 4paCd for some z with Q,(z) C V,.(i). (4.20)

A block or pedestal is called good if it is not bad. Note that in contrast to [KS],
the good blocks and pedestals have U(zx,v) large.

For a space-time path 7({s;,z;}) we define in addition to the ¢,, ®, of (4.11),
(4.12)

Yr41(7) = number of (r + 1)-blocks which intersect the space-time

path 7 and which have a good pedestal but contain a bad r-block

(4.21)

and
U,(0) = sup (7). (4.22)

7€ E(L,t)
Exactly as in Lemma 8 of [KS] we now have for any 7 € E(¢, t)

or(7) < Co V41 (0) + CF V0 (7) (4.23)

and
®,(0) < CS VG, (0)+ CE TV, (0). (4.24)
Now choose some large constant K and take R = R(t) to be the integer for which
Cl > [K,logt]/? > Cf=1 (4.25)

(This differs slightly from [KS], which had a one instead of the K4 here.) As in
[KS], Lemmas 5 and 9, simple Poisson distribution estimates now show that we can
take Ky = K4(K,d) so large that

P{®,(¢) > 0 for any » > R and any ¢ > 0}

1
< Z P{U,(z,v) < i,uACgT for some (z,v) with integer v € [-A,,t + A,)
r>R
for which Q,.(z) intersects C(tlogt + 3A,.)

<t~ for all large t. (4.26)

Note that we used ~, < 1/2. Note also that the required value of K, depends on
K,d and p4 only.

We shall also need the following analogue of Lemma 6 in [KS] (note that this
time the inequality goes in the opposite direction from (5.22) in [KS]). {Sy }u>0 is
short for what we formerly denoted by {S{?}uzo, that is, a copy of the random walk
performed by the A-particles (starting at 0).
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Lemma 6. There exist a constant Cy = Cy(d, D4), which is independent of Cy,
such that if V.+1(1, k) is good, and u an integer with A, 11 — A, < u < 2A,44, then
forr >1, and

d

e [ [(i(s) = DA, (i(s) +2)Ap41), (4.27)

s=1
it holds
> Nz (k—1)A0)P{z+ S, € O (y)}
z€Vr41(i)
1 d
> Y11 aC" [1 — 04(%,;%00)] (4.28)
0

Proof. Let r > 1 be fixed. In addition to the blocks Hle[i( VA 41, (i(s)+ 1) A1)

which have edge length A, 1 = C’g (T_H), we also need the blocks
d
M) = [T, Gs) + Dt
s=1

In our previous notation M(j) = Q,11(x) with z(s) = j(s)Ct'. These blocks

have edge length only C’SH, and the set V,.41(i) is a disjoint union of 7dC§d(T+1)
of these smaller blocks. Let A = A(i,r + 1) be the set of j € Z? with
M(@G) C Vi (D).
Also, for each j € A let z; € M(j) be such that
P{zj-l—Su € 9,(y }— min P{z-l—S € Q. (y )}
z€M(J)

Then the left hand side of (4.28) equals

Z Z N*(zv (k - 1)Ar+1>P{Z + Su € Qr(y)}

JEA ze M(j)

>3 Y Nz (k= DA P{z+ S, € Q. (y)} (4.29)

JEA ze M(j)

Since V,4+1(i, k) is assumed to be good, we have

ST N (k= VA1) = Ut GO (k= 1)A,41)
zEM(J)

> ’Yr+1MACd( T = Z Vr+1HA-
zeM(J)
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We can therefore continue (4.29) to obtain that the left hand side of (4.28) is at
least

Z Z ’7r+1/LAP{Zj + Su S Qr(y)}

JEA zeM(j)

>3 Y yerapaP{z+ 5, € Q(y)}

JEA zeM(j)

=3 X remalPla+ Sue @)}~ Pl S € 0},
JEA zeM()) (4.30)

Now, by virtue of (4.27) the first multiple sum in the right hand side of (4.30) is
at least

Z Yr+1HA Z P{Su = w}

ziz—y€[—20,41,20,11)4 weQr(y—2)

> Z P{S, =w} Z Yr+1HA
wWE[—Ari1,Ap41)4 2€Q, (y—w)

= Z P{S, = w}'YT-l—lNACgT

we[—Ar+1,Ar+1)d
= 'Yr-l—lNAC(()ir [1 — P{Su & [-Ar41, Ar-l—l)d}]
Z ’yr_i_LUJACgT [1 - K5 exp[—Kg;ArHH (431)

for some constants K5, K¢, depending on d, D 4 only. In the last inequality we used

simple large deviation estimates for .S, (see for instance (2.40) in [KS]) and the fact
that u < 2Ar+1.

On the other hand, we have for any z € M(j) that

‘P{zj +5, €9y} —P{z+ S, € Qr(y)})
< Y |P{z+Su=w}—P{z+S, =w}

weQ(y)

< Z sup | P{S, = v} — P{S, = w}|.

. +1
vEO(y—z) willw—v]|<Cy

It follows that the second multiple sum in the right hand side of (4.30) is bounded
in absolute value by

> vepipa > sup  |P{S, =v} — P{S, = w}|
z ’UGQr(y_Z) w:Hw_’UHSC(’;Jrl
<Yepipa Y Y. sup  |P{S, = v} — P{S, = w}|
vEZ z€Q, (y—v) w:||w—v||§Cg+1
= Y1 ppaCI Z sup }P{Su =v} — P{S, = w}}

1
veZd w:||lw—v||<CHT
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The right hand side here has been estimated in (6.37) and in (5.26) and the following
lines in [KS]. The result is that the right hand side here is bounded by

K941 04CYT 22 [r log Cp)*

for some constant K; which does not depend on Cj. Combining this with the
estimates (4.30) and (4.31) we obtain (4.28). [ |

We define some o-fields analogous to [KS] (but with some differences):

H,11(i, k) := o-field generated by the paths of all particles through
time (k — 1)A,41 and the paths through time
(k+1)A,+1 — 1 of the particles which are outside
Vig1(i) at time (K — 1)A, 41, (4.32)

K11 := o-field generated by {N*(x, (k — 1)A,11) :x € V.11(1)}.

Note that
]CT-H - Hr+1(ia k)7

because if one knows all paths through time (k — 1)A,;1, then one also knows
how many particles there are at each x at time (k — 1)A,11. In other words, all
N*(z,(k—1)A,41),2 € Z%, are H,41(i, k)-measurable.

We also need certain events A(i, k) which are somewhat larger than the event
{B,+1(i, k) contains some bad B, (j,¢)}. To define these events A we note that any
space-time point (y,v) belongs to a unique (r + 1)-block B,4+1(i, k). For (y,v) €
B,11(i, k) we define

W, (y,v) = number of particles in the system P* in Q,(y) x {v}
which were in V(i) at time (k — 1)A, ;1.

A block B, (j,q) C Br1+1(i, k) will be called inferior if W,.(y, v) <jru,405lr for some
(y,v) for which v is an integer and Q,.(y) x {v} is contained in B, (j, q).
It is apparent from the definitions that

W (y,v) < Up(y,v), (4.33)
since we count only particles which passed through V,1(i, k) in W,.(y, v), whereas

U, (y,v) also counts particles which do not satisfy this requirement. It follows from
this that a bad block is also inferior. Finally, we define the event

A, k) =A@, k,r) = {B,+1(i, k) contains some inferior r-block B,.(j, q).

One now has the following analogue of Lemma 7 and part of the proof of Lemma
8 in [KS].
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Lemma 7. Let

r 1 —3)r
1= 3d+1C’g(d+1)( +1) exp [— —'yTuAC(()d %) }, r>1. (4.34)

pr+ 2

Then for r > 1, on the event {V,4+1(i, k) is good},
P{AG, k)|[Hy1 (i, )} = P{AG ) |Krg1 (1K)} < proa (4.35)

Moreover, for fized a(s) € {0,1,...,11} and b = 0 or 1, the collection of pairs
(i,k),i(s) = a(s) mod 12,1 < s < d,k = b mod 2, for which V,1(i, k) is good, but
A(i, k) occurs, is stochastically smaller than an independent percolation system in
which each site (i,k),i(s) = a(s) mod 12,1 < s < d,k = b mod 2, is open with
probability py1.

Proof. By the Markov property of the particle system P*, the conditional distri-
bution of the particles during [(k — 1)A,11,00), given the behavior of all particles
during (—oo, (k — 1)A, 1] is the same as the conditional distribution given the po-
sitions of all particles at time (k — 1)A,;. Moreover, given the positions of the
particles at time (k — 1)A,41, the future paths of all particles are conditionally
independent. In particular, given the particles at time (k —1)A,.11, the paths after
time (k —1)A, 41 of the particles in V,.11(i, k), are conditionally independent of the
future paths of all particles outside V,4+1(i, k) at time (k—1)A, 1. By definition the
event A(i, k) depends only on the particles in V,41(i, k) at time (k—1)A, 41 and the
increments of their paths after time (kK — 1)A,;1. It follows from these comments
that P{A(i, k)|H,41(i,k)} is a function of the particles in V41 (i, k) only. In fact,
since A(i, k) depends on particle counts only, P{A(i, k)}HTH(i, k)} depends only
on the N*(z,v) with (x,v) € V,11(i, k) (see the explicit computation in the next
paragraph). Thus the left hand side of (4.35) is IC,41 (i, k)-measurable, and equals
the middle member of (4.35).

We next prove the inequality in (4.35). If A(i, k) occurs, then W,(y,v) <
YrppaCY" for some integer v and

(y,v) € U B,(j.q)
B.-(j,q)CBry1(i,k)

C I i) A1 = BA, (i(s) + 1A 1 +3A,) x [kA 1 — Ap, (k+1)Arg)

C [T 1G(s) = DA, (i) + 2) A1 — A) X [BA 1 — Ay, (k+1)A41).
(4.36)

Now consider any (y, v) satisfying (4.36) and let the particles in V1 (i, k) be given
such that V,41(i, k) is good. Conditionally on this, the distribution of W,.(y,v) is
the distribution of

N* (Z,(k—l)A',~+1)

> > I[z+82" € Q,(y)],

ZEV7~+1(i) r=1
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where the {S%7} are independent copies of the random walk {S} and u = v — (k —
DA 1 € [Ari1— Ay, 2A,11] (see the proof of Lemma 7, and in particular the lines
following (5.37) in [KS]). Therefore, P{W,(y,v) < v,uaCJ"} is the probability of
fewer than v, u ACgT successes in

> Nz (k= 1)An)
z€Vrqa (i)

trials, N*(z, (k — 1)A,4+1) of which have success probability

Py — 2 u) = P{z+ 5, € Qr(y)}-
Very much as in (5.38), (5.39) of [KS] we therefore have for 6 > 0,

Efexp[-0W,(y,v)]|[Kri1}

_p1 N*(z,(k—=1)A,.
= JI [1-ply—zu)+ply—zu)e ) HEDE)
ZEV7~+1(i)

<exp[ = Y N (k= DA )py - 2w (1 - ).
ZEV»,«+1 (i)

For 6 = C’O_T/2 this gives, by virtue of (4.17),(4.18) and Lemma 6, that on the event
{Vr+1(i, k) is good} and for (y,v) satisfying (4.36),

P{Wr(y7v) < ’YTHACSZTVCT+1}

<exp [0paCi = 30 Nz (k= DAy — 2 u)(1 - )]
z€Vri1(i)

1 d—3)r
<exp | - 5%#ACS o], (4.37)

(4.35) now follows from the fact that P{A(i, k)} is bounded by the sum over (y, v)
with integral v and satisfying (4.36).

The last statement of the lemma concerning the stochastic ordering between
the collection of pairs (i, k) for which V,;11(i, k) is good and \A(i, k) occurs, and
an independent percolation system, now follows in exactly the same way as in the
proof of (5.43) in [KS]. |

The next lemma is basically a copy of parts of Lemma 8 and Lemma 11 in [KS].

Note that now R = R(t) is defined in (4.25).

Lemma 8. The inequalities (4.23) and (4.24) hold. Moreover, there exist some
constants Cs = Cs(d, pa), ko = k(d, pa) and tog = to(d, pa) (independent of r,¢),
such that for 1 <r < R(t) — 1,k > Kko,t > tg, and any £ > 0

K(t+ 1) 1/(d+1)
>
PV () 27 e ] VD }
1

2(d+ 1)

<exp|—(t+0)Csrexp [ — 'yTuACéd_%)r}].

(4.38)
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Proof. We already observed that (4.23) and (4.24) hold, for the same reasons as in
Lemma 8 of [KS].

The inequality (4.38) follows by a percolation argument which is given in the
proof of (6.28) and Lemma 8 of [KS]; see also proof of Theorem 9 in [L]. This time
we take an integer v such that

[pT+1]_1/(d+1) <v< 2[pr+1]_1/(d+1) (4'39)

and define

d
D(m, q) = H[VW(S)AT+1, v(m(s)+ 1)Ar11) X [qvAri1, (¢ + DrvA4q).  (4.40)

s=1

m here is short for (m(1),...,m(d)); the m and v here have nothing to do with the
m; and v in the proof of Proposition 5. Note that p,;1 < 1 by (4.19) and (4.10),
so that (4.39) can be satisfied. Each D(m, q) is the disjoint union of v+ (r + 1)-
blocks. Moreover, as shown in (6.30) of [KS], for £ > 0 at most

t+/
VAr—l—l

A = 3d< + 2) (4.41)

blocks D(m, ¢q) can intersect a space-time path 7 € Z(¢,t) (with jumptimes s; <
- < 8¢ < t and positions z1,...,x¢). Now fix a(l),...,a(d) € {0,...,11},b €
{0,1} and define for any space-time path 7

Yr41(7,a, k) = number of (r + 1)-blocks B,11(i, k) with i(s) = a(s) mod 12,
k = b mod 2, which intersect the space-time path 7 and

which have a good pedestal but contain a bad r-block.

(4.42)
Define further
\I}T-l-l(ga a, b) = Ssup wr-l-l(%? a, k)
FET(L,t)
Then
U, (0) <Y U (4,a,b). (4.43)
(a,b)

As in [KS], let Z(i, k) be independent random variables with

P{Z(i,k) =1} =1 — P{Z(i,k) = 0} = pyy,.
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Then, as in (6.31) of [KS],

k(t+ 1)
Ar—|—1 [pT+1

P{\Ilr+1(£,a, b) > 271(12)~¢ ]1/<d+1>}

A1

< Z P{ U D(my, q) contains at least
D(mO,O),...,D(mA,l,A—l) q:O

k(t+ ¢

(A )[pT

r+1

(r 4+ 1)-blocks B,4+1(i, k) with Z(i, k) = 1,

and i(s) = a(s) mod 12,k = b mod 2}.

2—1(12)—(1 +1]1/(d—|—1)

(4.44)
Here (D(my,0),...,D(my_1, A — 1)) runs over the possible collections of blocks D

which intersect a space-time path 7 € Z(¢,t). For some constant Kg which depends
on d only, there are at most

[2tlogt + 1]% exp[Kg)] (4.45)
collections of this form. If we fix such a collection D(myg,0),...,D(my_1, A — 1),
then the probability that
A—1
L P(my, q)
q=0

contains at least 271(12) 4k (t + )AL [pr]V/ @) (r + 1)-blocks B,11)(i, k)
with Z(i,k) =1 and (i, k) = (a,b), is bounded by

_ _ak(t+ 4
P{T>27'(12) alt D) @, (4.46)
A7"—1—1

where T has a binomial distribution corresponding to Av?*! trials with success

probability p,11. As in (6.33) or (5.52) in [KS] one obtains from Bernstein’s in-
equality (together with (4.39),(4.41) and (4.45)) that this probability is at most

Kk(t+ 4
Kgexp [— Ko (A ” ) [,0r+1]1/(d+1)}

for 1 <r < R(t)—1, kK > some kg, t > some ty, and constants Ky, K19, depending
on d and p4 only. The inequality (4.38) now follows from (4.44), (4.45) and (4.43).
[ |

Proposition 9. For any choice of K and £y > 0, there exist constants ro,t1 such
that for all t > tq,

2
P{®,.(£) > eoCy % (t + £) for some r > 19,£ >0} < K (4.47)
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Proof. Consider a sample point for which
®,.(0) =0 for all r > R(t) and £ >0 (4.48)

and for which

6(d+1) ko(t + £)

o, (0) < COM VP, (0) + CF A
r+1

[prpa] /LD (4.49)

for all t > tg,1 < r < R—1,¢/ > 0. For such a sample point one also has for
tzt()?TOSTSR_l?gZO?

. (0) < C6(d+l)%::£)[ﬂr+1]l/(d+l) + Cg(d“)@m(é)
< 3 anolt + Dexp [~ + A0
< 4 amalt + O exp [ - 5 A
+ o2 M 30t + O exp | - 2(7; iAl) P 4+ (0

R—r
<... < CSd+t) g, iy [_ Yo A C(d——)(r—l—] 1)}
< _j_zl 0 ko(t + ) exp 211
< 6 (t ECG(d—i—l) [_ YokA C(d—g)r]
Ko(t+¢) exp 72(d+1) 5

< eoCy % (t+0), (4.50)

provided rq is sufficiently large. The required value for r( is independent of ¢, £.
By (4.26),(4.38), (4.24) and (4.25), the relations (4.48) and (4.49) hold outside
a set of probability

1 _3
-K (d—3)r -K
t -l-ZZexp[ t-i—E)C’g,/«:oeXp[ 2<d+1)%l‘ACo 1 ]] < 2t
r=1 £>0
provided t > some t; > tg. This proves the Proposition. [ |

Proposition 9 is the main technical estimate for the proof of Theorem 2. We now
start on this proof proper. The strategy will be to show that (with overwhelming
probability) there exists a (random) path u — A(u,z) along which a B-particle
moves with a “drift” towards a fixed point x, at least at the times u when there are at
least two particles at A(u, ). Lemma 10 below expresses this more formally; at the
times when I>5(u) = 1 (and hence I;(u) = 0), [|A(u, z) — |2 has a drift DgI's2(u),
which will be shown to be negative in (4.81). A few steps in the proof can be done
simpler if D4 = Dp. Nevertheless we have not always used this hypothesis in the
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hope that we can use much of the proof later even when D4 # Dpg. The principal
step for which D4 = Dgp is crucial is the proof of Proposition 9.

We now give the details. For z € Z¢ construct a path A\(-) = A\(-, z) € Z% by the
rules (i)-(v) below. In general, these rules do not determine A(-) uniquely.

(1) A(0,x) is the location of some initial B-particle, say A(0, z) = zo;

(7i) for all times s there is a distinguished B-particle, p(s) say, at A(s, z);
at time 0 we designate any of the B-particles at zo as p(0);

(7i1) s — A(s,x) can jump only at times when p(s—) jumps
away from A(s,z), and A(+, ) is constant between such jumps;

(iv) if p(s—) jumps from A(s—,z) = w to w’ at some time s,
and if this was the only particle at w at time s—,
then (-, z) also jumps to w’ at time s (so that \(s,z) = w’)
and p(s) = p(s—), the particle which jumped at time s;

(v) if p(s—) jumps from A\(s—,z) = w to w’ at some time s such that
there is at least one other particle p’ at w at time s—, then A(-, z)
jumps to w’ at time s if and only if ||w’ — z||2 < [Jw — z||2, and in this
case again p(s) = p(s—); if, however, ||w’ — z||s > ||w — x||2, then

A(+,z) does not jump at time s and we take p(s) = p'.

We start with the distinguished particle being of type B, and by rules (iii)-(v), right
after each jump of the distinguished particle, there still is a distinguished B-particle
at the location of A\. From this it is easy to check recursively, from one jump of
the distinguished particle to the next, that (-, z) automatically satisfies (ii). We
merely have to note that if the distinguished particle has type B just before a jump,
then all particles which coincide with the distinguished particle at that time also
have type B.

Note that A(-, x) can change only at the time at which the distinguished particle
p jumps (by rule (iii)). The next lemma shows that the jumps which occur at a
time ¢ when there are more than one particle at A(t) cause a certain drift of A(+)
towards z. We remind the reader that 7y = o-field generated by {Y; : s <t} and
that

Fi = mh>0~7:to+h-
We shall also use the following notation: P denotes the conditional distribution

of the process {Y:};>0 given that we start with Yy, = o; P without superscript is
discussed just before Proposition 5.

, 1] = I[p(u) is the only particle present at (A(u,x),u)];
Iso(u) = I[Np(AMu, z),u) > 2J; (4.51)
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and with egy;, = —e; for 1 <i <d,

1 2
T1(u) = o >[I ) + e = |z = A (u, ) — 2|2];
i=1

L -
P2a(u) = o DI 2) + e =zl = A, 2) = 2|2], (4.52)
where > * is the sum over those i € {1,...,2d} for which
[A(w, 2) + e — zl[2 = [A(u, 2) — 2fl2 <O.

Lemma 10. For any o € X
M(t) = M(t,2) = |\(t,2) — o]l — D / (L (w)T's (1) + I ()T (u) du (4.53)

is a right continuous {F; }-martingale under the measure P?. {M (t)} is also a right
continuous {F;}-martingale under the measure P = [ P{Y; € do}P°.

Proof. The last statement, about {M(t)} under the measure P, is a consequence
of the result under the measure P?. We therefore work only with the measure P?
in this proof.

Right continuity of A(-), and hence of M(-), is obvious from the right continuity
of all particle paths. To check the martingale property it suffices to prove for all
A€ F, and s > 0 that

/ [M(t+s) — M(£)|dP° = 0. (4.54)
A

To prove this we rewrite the left hand side as

n

/AdP“ SN+ ks /m) = alla = A+ (k= 1)s/n) — 2]l

k=1

n ks/n
—DB/ dpaz:/(v » [Il(t+u—)F1(t+u—)-i-Izg(t-l-u—)Fzg(t-i-u—)]du
A k=17 (k—1)s/n

(4.55)

Note that the change from u to u— in the argument of I; or I'; has no influence
on the integrals, because I, I>2, I'1 and I'>o can have a discontinuity only at one
of the at most countably many times at which the distinguished particle jumps or
at which a particle jumps to the position A of the distinguished particle. Almost
surely [P?] there are only countably many jumps of the latter kind by virtue of
(2.26)-(2.28) and the fact that at any time there are only finitely many B-particles
(see the beginning of the proof of Lemma 2).
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We now decompose the k-th summand in the first integral according to the
number of jumps of the distinguished particle during (¢ 4+ (k — 1)s/n,t + ks/n].
Since A(t + ks/n) — A(t + (k — 1)s/n) = 0 if p does not have a jump during (¢ +
(k—1)s/n,t+ ks/n], it follows that the contribution of the k-the summand in the
first integral is

[ AP + /) = ally = At + (= Dys/n) =]

x I[p has exactly one jump in (¢t + (k — 1)s/n,t + ks/n]

—|—/AdP" Z [IA(E+ ks/n) — zllo — [[A(t+ (k= 1)s/n) — z|]

r>2
x I[p has r jumps in (t+ (k —1)s/n,t + ks/n]. (4.56)

Since [|A(t + ks/n) — A(t + (k — 1)s/n)||2 < 7 if p has r jumps during (¢ + (k —
1)s/n,t+ ks/ n], and since the proability of r such jumps is

e_DB/nl<%)r
rit\ n /~’

we see that the last integral in (4.56) is at most K1n =2, for some constant K; =
K1(Dp).

Next we observe that the first integral in (4.56) can be expressed as an integral
with respect to the time of the first jump of p(t + (k — 1)s/n) after t + (k — 1)s/n.
For the remainder of this proof denote the time and value of this jump by 5 and U,
respectively. Observe that p(t+(k—1)s/n) is already of type B at time t+(k—1)s/n
(by rule (ii)), so that the increments of its path after time t + (k — 1)s/n are
independent of Fy{ (x—1)s/n, as well as of the movement of all other particles after
time t+(k—1)s/n. It follows that, conditionally on F;4 (,—1)s/n, U is independent of
£ and Np ()\(g—), E—) If Ng ()\(E—), 5—) = 1, then the jump in A at time & equals ©
by rule (iv), and the conditional expectation of ||/\(§A°) —93||2— ||)\(§i—) —x||2 = Fl(g—)

o~

in this case. If Np (A(g—),f —) > 2, then by rule (v) A(§) — A(§—) = 0 only if

IACE+ (k= 1)s/n)+D = z||2 = |AE=) + 8 — 22

o~

<[AME=) = zll2 = [[A(E+ (k = 1)s/n) — |2

Otherwise A does not change at E It follows that given ;| (r_1)s/n and Np ()\(g—),
E—) > 2, the conditional expectation of || A(&) —z||s— [|A(€=) —z||» equals FZQ(E_).
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Therefore,

E7{[|IA(t + ks/n) — zlla — [[At + (k = 1)s/n) — z]|2]

x I[p has exactly one jump in (¢t + (k — 1)s/n,t + ks/n] ‘]—“H(k_l)s/n}

s/n
:EU{/ [Ii(t+ (k= 1)s/n+u—)T1(t+ (k — 1)s/n +u—)
0
+ Iso(t+ (k—1)s/n+u—)sa(t + (k—1)s/n+ u—)]
X P"{EE du, p has no jump in (¢t + (k — 1)s/n + u,t + k:s/n]}}ftﬂk_l)s/n}

s/n
o [P 0t s/ e (5= D)
0
+ Iso(t + (k — 1)s/n+u—)Tsa(t + (k — 1)s/n +u—)]
> e_DB(S/n_u)DBdU‘ft-‘,-(k—l)s/n}'

Clearly this differs from

ks/n
Ea{/ [ (b u= )Ty (- u=) + I (- u=)T sz (t+u=)] Dpdul Foy s1)a/m |-
(k—1)s/n

by no more than Kon~=2. The integral of this last expectation over A with respect
to P? equals the k-th summand in the second integral in (4.55). It follows that
the contributions of the k-th summands in the two integrals in (4.55) together is at
most [K; + Ka]n™2. (4.54) follows if one sums over k and lets n — oc. |

We now want to use known exponential bounds for large deviations of martin-
gales with suitable bounds on their increments. The following lemma is a special
case of estimates for discrete time (super) martingales with bounded jumps, such
as can be found in [N], pp. 154-155 (see also the estimation of A on p. 334 in [K]).

Lemma 11. Assume that {Gy}n>0 is an increasing sequence of o-fields and that
D,,n > 1, are random variables which satisfy for all n > 1

D,, is G,-measurable, (4.57)

|Dn| <c, (4.58)

for some constant 0 < ¢ < oo, and
E{Dn|gn—1} = 0. (459)

Define Vi =0 and
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for n > 1. Then {V,}n>0 is a {Gy,}-martingale and there exists a constant Ks,
depending on c only, such that

P{|V,,| > a +bA,, for somen >0} < 2exp[—Kzab], a>0,0<b<1. (4.60)

To deduce estimates for M (t) from this lemma, we define oy = 0 and for & > 0

Ok+1 = min [ak + 1,inf{t > oy : t is a jump time of the

distinguished particle ﬁ}}

We further take D,, = M(o,) — M(0,-1),n > 1, and G,, = F, . We then have
Vo =0 and

Vi, = M(on,z) — M(0,2) = M(op,x) — |N0,2) — 2|2 = M (0n, ) — |20 — 2|2,
with M given by (4.53). It is immediate from the definitions that

sup  |[M(s)— M(on)| <14 Dp. (4.61)

0, <8<0n+t1

Thus, (4.57)-(4.59) are satisfied with ¢ = 1 + Dp. Moreover, 4,, < ¢?>n. Conse-
quently,

P{|M(0,) — M(0)| > a+ bn for some n > 0}
b
< P{M(o,) —0¢p > a+ ?An for some n > 0}
< 2exp|[—Ksabc™?] if b < 2. (4.62)

The jumptimes of p are distributed like the jumptimes of a rate D g Poisson process,
so that

Dpt]*
P{ojapye <t}< > et zf'] < Ky exp|—Kst]. (4.63)

k>|2Dpt]

Combined with (4.61) and (4.62) this shows that for a > 2+ 2Dp, 0 < b <1 and
some constant Kg = Kg(Dp) > 0

Plsup [M(s) - M(0)| > a+ bt} < P{o|3p) < )

s<t

+ P{|M(c,) — M(0)|>a—1—Dp+ n for some n < 2Dpt}

(1+2Dp)
< Ky exp|—K5t] + 2 exp[—Kgab]. (4.64)

In particular, if we take K¢ < K5 (as we may), then we obtain for a = b¢,0 < b < 1
and t >ty :=2(1+ Dp)/b, that

P{Stip |M(s) — M(0)] > 2bt} < (24 K) exp[—Kgb*t]. (4.65)
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Next we must find a lower bound for fg 1 (u) (u) + Is2(u)T'>2(u)|du. Before
we can do this we need a preparatory lemma. For L > 2 we define

1 ifd=1
y(L,d) =< [logL]™! ifd=2
> if d > 3,

&, = {there is some particle p’ # p(3L*(n — 1)) in

A(BL*(n—1),z) + [~L, L]* at time 3L*(n — 1)},
(4.66)

and

Jp = I[p(u) coincides with another particle
at some time u € (3L%*(n — 1), L*(3n — 1)]].

Lemma 12. There exists a constant K7 < oo, depending on d only, such that for
all4 < L2 <t/4

E{Jn|Fsr2(n-1)} > K:v*(L,d) on the event &,. (4.67)

Proof. Fix an integer n and for brevity write m for 3L%(n — 1). Recall that the
position of p(m) is A(m). Suppose now that

E,N{p is already of type B at time m} (4.68)

occurs. Then p’ and p(m) continue after time m to perform random walks {S’}
and {S”} which are copies of SB, and which are independent of each other and all
other particles. Since, on the event &,, these two particles have a distance at most
LV/d from each other at time m, we can use standard random walk estimates to
find a lower bound for

P{p(m) and p’ coincide at some time u € (m, m + L?]|Fp,}
= P{S! — 8! = z for some u < L?},

where z = —m(m, p’) + m(m, p(m)). Indeed,

/ P{S! — S/ = z}du
u<L?2
= E{amount of time during [0, L?] with S/, — S/ = 2}
= / P{smallest v with S!, — SI/ = z lies in ds}
s<L?
x E{amount of time during [0, L? — s] with S/ — S! = 0}

< P{S! — S! = = for some u < L*} P{S! — S/ = 0}du.
u<L?2
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The integrals in the extreme left and right hand sides here can be estimated by
means of the local central limit theorem to obtain that

P{p(m) and p coincide at some time u € (m, m + L?]|F,} > Kgy(L,d) (4.69)

(see Theorem 2.2 in [AMP] or Lemmas 5.1 and 5.2 in [CD] for similar arguments).
Note, however, that the particular distinguished particle p(m) may be different
from the distinguished particle p(u) at a time u > m. Thus the fact that p(m)
and p’ coincide at time u does not imply that p’ is at A(u) at time u (or, equiv-
alently, I>o(u) = 1). Nevertheless, this can fail only if rule (v) was invoked
at some time during (m,u|, which means that there must have been some time
u’ € (m,u] at which p(u’) coincided with another particle. It follows that J,, =1
on the event (4.68) intersected with the event in (4.69). Thus, (4.69) shows that
P{J, =1|F.} > Kgvy(L,d) on the event (4.68).
To deal with the event

EnN{p is of type A at time m}, (4.70)

we set 7%(s) = 7(0, p') +7wa(s, p') for s > m. This is the path which p’ would follow
in the system P* introduced just after (2.16), i.e., the system without B-particles.
Now we first use that (4.69) can be strengthened to

P{there is some time u € (m, m + L?] such that p(m) and
7*(u) coincide at u and such that p(m) € A\(m) + [~KoL, KoL]*
as well as p’ € A(m) + [~KoL, KoL]* for m < s < u]|F,, }
> Ky0v(L,d) on &,, (4.71)

still by standard random walk estimates (which we omit). If p(m) and 7* coincide
at time u, and

p’ has not met any B-particle during (m, u), (4.72)

then p(m) and p’ actually coincide at time u, and by the argument following (4.69)
we see that then I>o(u’) = 1 at some time «’ € (m,m + L?]. On the other hand,
if the event in (4.71) occurs, but not the event in (4.72), then the first time at
which p’ turns into a B-particle, 6(p’), equals u € [m,m + L?], and at that time
both p(m) and p’ lie in A(m) + [~KoL, KoL]?. Conditionally on Fy(, we then
have a probability of at least Ky17(L,d) > 0 that p(m) and p’ coincide during
0(p"),0(p") + L?] C (m,m + 2L?], for the same reasons as for (4.69). As in the
lines following (4.69) this then implies that p(u’) coincides with p’ at some time
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u' € (m, m+ 2L?]. Tt follows from these estimates that on the event (4.70) it holds
P{Jn = 1|fm}
> P{the events in (4.71) and (4.72) occur|F,,}
+ E{I[the event in (4.71) occurs, but the event in (4.72) does not|
x P{p(m) and p’ coincide during [0(p’),0(p’) + L2]|f9(p/)})fm}
> P{the events in (4.71) and (4.72) occur|F,,}
+ P{the event in (4.71) occurs, but the event
in (4.72) does not|F,, } K11v(L, d)
> K117v(L, d)P{the event in (4.71) occurs|F,,}
> K11 K107 (L, d).

Thus (4.67) holds, both on (4.68) and on (4.70). |

We next derive a lower bound for
t
Z(t)=Z(t,x) ::/ Iso(u)du.
0

in terms of

V(t,L)=V(t, L, x):= Z I[there is some particle other than
1<n<L—2t/3
p(3L*(n — 1)) inside A(3L*(n — 1),z) + [—L, L]* at time 3L*(n — 1)|.
(4.73)
Lemma 13. ForO<e<1land L >1
P{Z(t) < ev*(L,d)L ™%t}
2 K.
<P{V(tL)< %eQDBL_Qt} +2exp [ — ?35274(L,d)L_2t}.
7 (4.74)

Proof. We define

gn - F?)L?n:
_ 3L%n
Jn = min{l,/ I>2(u)du}
3L2(n—1)

and N N
D, = J, — E{Jn‘gn—1}~
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Note that 0 < .J,, < 1, so that |D,| < 1, E{D2|G,_1} <1 and

A2z = Y E{D2|Gn_1} < L7%t/3.
1<n<L—2t/3

Therefore, (4.60) with ¢ = 1,
a=¢ev*(L,d)L™%t/3 and b = ev?(L, d)

yields

P{‘ 3 [fn—E{jn|gn_1}H2572(L,d)L_2t}

1<n<L—2t/3
_ Ks 5 4 -2
§2exp[ 357(L,d)L t}.
In particular,

P{Z(t) < ey*(L,d) L™t}

< P{ S du< m%L,d)L—?t}

1<n<L—2t/3
<Pl Y B(Gu 1) <221, )L %)

1<n<L—2t/3

+P{| > [Ja- BUlGa )| 2 A (L L2t
1<n<L-2t/3

< P{ Z E{Jp|Gn-1} < 2ev*(L,d)L~ }+2exp[ I§35274(L,d)L_2t].

1<n<L—2t/3 (4.75)

Finally, we observe that on the event &, (see (4.66))

E{Jn|Gno1} > P{p(u) coincides with another particle p" at some time
u € (3L%*(n — 1), L?(3n — 1)] and the positions of p(u’) and
p’ and \(u', z) all stay together for v’ € [u,u +1]|G,—1}
> exp|—2Dg|P{J, = 1‘gn 1}
> exp[—2Dp]K7v*(L, d) (by (4.67)).

The lemma now follows from

> E{Ju|Gn-1} > exp[-2Dp|K7*(L,d) Y (€]

1<n<L-2t/3 1<n<L—2t/3
= exp[—2Dp|K7y*(L,d)V(t, L). u

The next lemma gives an upper bound for f(f [I1(u)' (u) + Is2(u)T'>2(u)]du in
terms of Z(t).
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Lemma 14. There exist constants 0 < Kio, K13, K14 < 00, which depend on d
and Dp only, such that for all z > 0

/0 [T (w)T's () + T () ()] du

Kiov*(L,d ! L?

- WHKM/ 1IAGw) —alls < 27— du— K13 2(0).

zL? 0 V3 (L, d) (4.76)
Consequently, for
K13€DB’)/2(L,CZ> 4K12
0<e< 17 HIIJ - ZOHZ < AL2 i, z= K13€, (477)
DpKq371/2

L>Lo:= FBT“”] V3, (4.78)

and for t > L?[ey?(L,d)]~ts for some t3 = t3(Dpg) it holds

¢ zL? Ki3ev2(L, d)
_ < P St
P{/O I[”A(“) #llz < 72(L,d)}du = T 4K, L2 t}

L2
< (24 Ky) exp[— K1’y (L, d)L™*] + P{V(t,L) <% e?Pr L%t}
7

K
+2exp [ — ?35274(L, d)L 2. (4.79)

Proof. We shall show by simple calculus that there exist some constants Ko, K13
which depend on d only, such that for \, z € Z¢

Ko
)\ i — A — —, 4.80
and, with )~ * as in (4.52),
1 Ko
— I i — — ||\ = < -K _— 4.81
de A +ei—zlla = A =zl2] < K3+ TP (4.81)

Moreover the left hand sides of (4.80) and (4.81) are at most 1 in absolute value.

Before we prove these inequalities we show that they imply the lemma. Indeed,
it follows from (4.80),(4.81) and the definitions (4.52) that the left hand side of
(4.76) is at most

t 2L? !
+K12/0 (1 () + T2 ()T || A1) = 2|2 < m]du—fﬁg/o Is5(u)du
< B D K [ 1[I e < T Jdu - K@),
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This proves (4.76).

To prove (4.79) we take b = eDpK137v*(L,d)/(8L?) in (4.65). For L > Lg this b
satisfies b < 1. Then we obtain, by means of (4.76), that outside a set of probability
at most (2 + K,) exp[—Kgb?t] it holds

DpKi9v*(L,d)

0 <IA(E) - 2 < A©) — a2 + 26t + —22T

t

2

t zL
v DBKIQ/O I[H)\(U) — e < gy Jdu = DeKisZ(1)

for t >ty = L?[ey?(L,d)]~'t3 for some t3 = t3(Dp). By substitution of the chosen
values of x,b and z this yields

t 2 2
zL K13 3K136’7 (L,d)
TREIDY — < —— |du > —=7(t) — t. 4.82
A (1A () ﬂb_vahdﬂzu_Km ()~ =12 (4.82)

If we exclude a further set of probability at most equal to the right hand side of
(4.74), then the right hand side of (4.82) exceeds K13ev?(L,d)[4K12L?]~'t. Thus
(4.79) also follows from (4.80) and (4.81).

We turn to the proof of (4.80) and (4.81). The sentence following (4.81) is trivial.
We can therefore adjust K12 so that (4.80) and (4.81) are valid on any given finite
set of values for || A —z||2. In particular, we may restrict ourselves to proving (4.80),
(4.81) for ||A — z||2 > 2. Now the Taylor expansion

2a.- b+ ||bI3 lali3]1813 + (1]l
+0
2||all2 ( lal13 )

la+bll2 = \/I|aH% +2a- b+ [[b]13 = [lall2 +

shows that the left hand side of (4.80) equals

H()\—a:) _ H(\—x)
2d§:|u—xm D=zl ~ A=l (4.83)

for some function H which is bounded on {\ # x} = {||A — z||]2 > 1} (recall that
A\, z € Z4). Thus (4.80) holds.

For (4.81) we write A —x = 2?21 n;e;, with integer coefficients n; (since A —z €
Z4). Then for a given i € {1,...,d} there are three possibilities: n; > 0,n; <
0,n; = 0. If n; > 0, and hence n; > 1, then d + ¢ is contained in )_*, but not
i. Thus in this case, (2d) times the contribution of the term with d + i to the left
hand side of (4.81) is

[kzni—|—(nl }1/2 [an_i_n}l/z

#z k?f’b

([ 7] [t ] Y o
ki k#i
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(In the last inequality we used that 2n; — 1 > n; and that the term in the denom-
inator with n? exceeds that with (n; — 1)2.) If n; < 0, then only i is contained
in > *, but not d 4 4, and the preceding estimates hold with n; replaced by —n;.
Finally, if n; = 0, then neither i nor d + i are contained in »_ *. Thus the left hand
side of (4.81) is at most

D I S ) .

d 12 A
k=1 i=1

Proof of Theorem 2. We now have everything in place to prove Theorem 2. Fix
K > 0 and a large t. We first use that the distinguished particle p jumps with the
constant rate Dp. Therefore, it holds for any x

P{\(-, z) has more than 2Dpt jumps during [0, ¢]}
< P{p(-) has more than 2D gt jumps during [0, t]}
< Ky exp|—Kst] (see (4.63)).

Note that if A(-, z) has no more than 2D gt jumps during [0, ¢], then also ||A(s,z) —
A0, 2)|| = [|A(s,z) — 20|lec < 2Dpt for s < t. Thus, for sufficiently large ¢ (see (4.3)
for Z)

P{{\(s,2)}s<t ¢ | E(4t) for any z with [|z]| < t} < Ki5t% exp[—Kst].
¢<2Dpt
(4.84)
Proposition 9 (with K replaced by K + d) now tells us, that outside a further set
of probability at most 2/tK+d, we have for r > rg,¢ < 2Dpt and t > t; that
®,.(0) < e9Cy % (1 + 2Dp)t. Therefore, if we write (s, z) for the space-time point
A(s,x) x {s}, then

each path {X(s,x)}sgt with ||z|| <t intersects at most
00_67"50(1 + 2Dp)t bad r-blocks

(4.85)
(see (4.9) for the definition of a bad block). We choose £y > 0 such that
co(1+2Dp) < ; (4.86)
and then we fix r at some value r{ > rg such that
Y ppaCEE > 2, C8™ > ?"LSKB, (4.87)
and %0 ap, 1
=0 - (4.88)

Ky 6
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((4.87) is possible because Cy > 2 and v, > v > 0). We claim that with this
choice, (4.85) implies that

for each path {\(s,z)}s<¢ with ||z|| <t there are at least
(1/6)Cy %'t integers n for which there exists a particle
p' # pinside A(3CS™n, x) + [~C3™, C5™] at time 3C5 ' n. (4.89)

To see this recall that A, = C§", and note that each point X(kC’g” , ) belongs to
a unique ri-block B, (i, k), and for different k, these blocks are disjoint. Thus for
each x, {\(s,z)}s<; intersects at least |Cy®'t] distinct 7i-blocks. If (4.85) holds,
then, by (4.86), at most (1/7)Cy "'t of these blocks are bad, so that for large ¢
there are at least (6/7)Cy %'t — 1 values of k < |C5%"t] such that X(kCg“,x)
belongs to a good r1-block. At least (1/6)Cy %'t of these will have k divisible by
3, say k = 3n, with n < LC’O_6T1tJ /3. If X(?)C’g”n,x) belongs to a good rq-block,
then by definition

Url ()\(3037"1”, .’13), 3037"1”) = Z N~ (y7 30grln) > ’71”1/“”1406”1 > 2
YEQ,(A*)

(see (4.87)), where we have temporarily written A* for )\(303”11, x). In particular,
there have to be two particles in ngl [A\*(s), \*(s)+Cp) at time 3C5""n, and one of
these must be different from the distinguished particle at A(3C5"n). This justifies
our claim (4.89).
In the notation of (4.73) the preceding paragraph shows that (4.85)-(4.86) imply
that for all z with ||z|| <t and
L=C5m,

it holds

2 2
V(t,L,x) > (1/6)Cy 01t > 220205 06my = 220 2Ds [ =2y
K~ K~

Thus the bound (4.84) and the lines following it prove (for large t)
2
P{V(t,L,z) < %eQDBL_zt} < Kystdexp[—Kst] + 267574 < 3¢~ K4,
7

(4.79) with € = ¢ and z as in (4.77) then shows that for large ¢ and for all = with

Ki3e0Dpy?*(L,d)

N t and ||z| <t, (4.90)

|z — 202 <

t 4K L2 Ki3e0v2(L, d)
P{ I[ M) — 2l < du < ’ t} <4t K4 (401
/o IMw) = zllz < Ki3e0v%(L, d) = 4K 15 L? - (4.9)
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Now fix an z and assume that

t 4K12L2 K13€0’)/2(L d)
I[ Aw) — 2|y < }d i
/0 IAC) = 2]l < K132072(L, d) AK 512

This implies trivially that | A(u, z) —z||s < 4K12L?/(K13e07?*(L,d)) for some u < ¢.
However, we want more. For Theorem 2 we want that for each x € C(Cat) there
exists a u < t at which x is visited by a B-particle. To show that such a u exists
with high probability, we define the stopping times

t. (4.92)

up = 0, ui11 = uigp1(T)

2
= inf {u 2 s + L 74(E,d) s AW, it

. <
w2 < AT

(4.92) implies that u; + Liy~4(L,d) < t for at least

.: {KB«?OVG(L;CDJ 1
' 4K5L5

values of i > 1 with u; < t. By definition ;1 —u; > L*y~*(L, d) and by the right
continuity of A(-)

4K15L? L?
AMug, x) — < = Kig——+—. 4.93
N0 =2l = ) T 499
Define 9
-
V2(L, d)
Then the same random walk estimates as for (4.69) give that
P{p(u;) visits = at some time in (u;, u;y1]|Fu, }
K7 ifd=1
> Ki7v(L,d) > { Kiz[4logL]™!  ifd=2 (4.94)

Ky, Ld-D@=2d) ¢ g > 3

Note that we are estimating here the probability that the distinguished particle of
time wu; visits x at some time u, rather than that A\(u,x) = z. But conditionally on
Fu,, the B-particle p(u;) performs a random walk which is a copy of SP, and this
fact is the basis for the estimate (4.94). Finally we apply Lemma 11 once more.
We take G,, = F,

H,, = I[p(u,—_1) visits z at some time in (u,_1, up].

and
Dn = Hn - E{Hn|gn—1}'
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Since H,, takes on only the values 0 or 1, it is easy to see from (4.94) that on the
event (4.92)

X T T 76(L7d)
> E{Hu|Gn-1} > xEK17y(L,d) > Kisy(L, d)— 5t
n=1

and
- 2 = 9%(L,d)
AX = Z E{Dn‘gn—l} < KIQV(I@d)it
n=1

LG

It is then easy to deduce from Lemma 11, with a = (1/2)K18'y(z, d) 76(LL6’d)t, b=
K15/(2K19) A1 and ¢ = 1, that for z satisfying (4.90) and t large

P{x is not visited by a B-particle by time ¢}

X

< P{(4.92) does not occur} + P{(4.92) occurs, but ZH” =0}
i=1

< g~ K—d

X ~ ~%L,d
+ P{(4.92) occurs, but ; [H,, — E{H,|Gn-1}] < —Klg’y(L,d)%t}

X
<4t K4+ P{Y [H, — E{H,|Gn-1] < —a — bA,}
n=1
6
7 (L, d)
ot

<4t~ K4 4 2exp [ — sz(i, d)
< 5t~ K4, (4.95)

Theorem 2 with
_ Ki3eoDpvy?(L,d)
8L2\d

now follows by summing (4.95) over all = which satisfy (4.90). |

Cs A1

5. Proof of Proposition 3.
A Dbasic step for the proof is a monotonicity property which is proven via a
coupling argument. We formulate it as a separate lemma.

Lemma 15. Assume Da = Dg and let 02 € ¥y. Assume further that o) lies

below 0@ in the following sense:

for any site z € 7%, all particles present in oW at 2 are also present in o at z,
(5.1)
and

at any site z at which the particles in @ have type A,

the particles also have type A in o). (5.2)
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Let ma(+, p) = mg(-, p) be the random walk paths associated to the various particles

and assume that the Markov processes {Y;(l)} and {Yt(z)} are constructed by means
of the same set of paths wa(-, p) = wB(-, p) and starting with state oY) and o®,

respectively (as defined in Section 2). Then, almost surely, {Y;(l)} and {Y;(Z)}
satisfy (5.1) and (5.2) for all t with ¢ replaced by Yt(l), i = 1,2. In particular,
oM € By and (2.20) holds almost surely for {Y;(l)}.

Proof. Couple the processes {Y;(l)} and {Y;(Z)} as in the statement of the lemma.
Specifically, first choose independent paths s — m4(s, p) for all particles p present
in 0 and construct {Y;(Z)} with the help of these paths (as in (2.6) and (2.7), with
75(s,p) = Ta(s, p) for all s, p). We then assign to each particle p present in o*

the same path s — m4(s, p) as assigned to p in ¢(?). By (5.1) this assigns a path to
each particle present in ¢(!). We then construct {Yt(l)} on the basis of these paths.
The position at time ¢ of a particle p starting at z is then z+m4(¢, p), in whichever
of the systems the particle is present. It is immediate from this that (5.1) with o(*)

replaced by Y;(i), 1= 1,2, is valid.
To show (5.2) with ¢ replaced by Yt(i), i = 1,2, we first note that (2.20) a.s.
holds for {Y;(z)}, because 0(?) € %g. Then, by (5.1), a.s. (2.20) holds in both

systems. Now let Toi) =0 and for k£ > 1, let Tlgi) be the k-th time at which a new
particle changes from type A to type B in {Y;(Z)}. More formally, as in (2.3), 7'1521 =

inf{t > T,Ei) : a B-particle coincides with an A particle at time ¢ in {Y;(i)}}. We

shall show by induction on k£ > 0 that at each time T,gl) the property (5.2) with
o™ replaced by Y((Zl)), still holds, and there are only finitely many B-particles in

Tk
both systems at time T]gl). We may restrict ourselves to sample points for which
min(7, 7o0) = 0o in the {Yt(z)}—system, because 0(?) € ¥y. Assume then that at
time 7'151), (5.2) with ¢ replaced by Y((Zl) still holds. Since the second system
Tk

has only finitely many B-particles at time T]gl), this, together with (5.2) with o(®

replaced by Y((il)), shows that also the first system has only finitely many B-particles
Tk

at time T,gl). Moreover, 7‘,&31 is the first time after T,gl) at which some B-particle p

coincides with some A-particle p’ in the first system. From the right continuity of
the paths m4(-, () for all B-particles ¢ plus (2.20), it then follows that Tk(j'_)l > T]gl),

a.s. By the induction hypothesis, p must also have type B at time Tlgl) in the second

system. Therefore also p’ turns into a B-particle in the second system no later than

T,Sr)l. (p’ may already have turned to type B before Tk(i'_)l in the second system, in

which case no type change occurs for p’ in the second system at 7‘,&31). In any case,

any particle which turns to type B at time 7‘]&_)1 in the first system also has type

B at or before time Tlgi_)l in the second system, so that (5.2) with () replaced by

Y((il)) still holds. This completes the inductive step.

Trk+1
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Since we already know that there are only finitely many B-particles at each T,gl)

in the second system, we conclude that a.s. this holds in both systems at each T]gl).

As we remarked above this shows that a.s. 7‘,&21 > T,gl) for all k, so that T < 7o

has probability 0 in both systems. Also, at each T]gl), the number of B-particles in

the first system is at most equal to the number of B-particles in the second system.
Since there are at least k B-particles in the first system at time Tlgl), this shows
that

PU(l){TOO < oo} < PU(Z){TOO < oo} =0.

Thus, oM € X. [ |

Proof of Proposition 3. Fix K. Note that if a particle has type B at some time
s < t and is outside the cube C(C4t) at that time, then by symmetry of the random
walk {S}, the particle has a conditional probability, given Fy, at least 1/2 of being
outside C(C4t) at time t. Therefore

E{number of particles outside C(C4t) at some time s <t}
< 2E{number of particles outside C(C1t) at time ¢}.

Thus, by (1.3)
P{a site outside C(Cyt) is visited by a B-particle during [0,¢]} <t *~1  (5.3)

for t > some ty. We may therefore restrict ourselves for (1.7) to space-time points
(z,t) with z € C(C1t). Now fix a (z,t) which satisfies this condition and assume z is
first visited by a B-particle at time s < t—[K;tlog t]1/2. Outside a set of probability
Dpt~K—=4=1 this B-particle stayed at z for at least t =% ~9~1 units of time, so that
it is still at z at a time s of the form kt—5—4=1 < ¢ — [K tlogt]'/? 4+ ¢t~ K—d-1,
Further, the probability that there is an A-particle at (z,¢) which was at a point y
with ||y — z|| > [Katlogt]'/? at one of the times kt~%~¢~1 is bounded by

> > ENa(y,s)P{Srs=z—y}. (54
s=ktK—d-1 y:|ly—z||>[Kat log t]1/2
<t—[Kitlogt]*/?+1

We now remind the reader of the particle system P* which we introduced just
before (2.17). In this process interactions between particles are ignored. Thus,
in P*, each A-particle p with initial position 7(0, p) continues to follow the path
t — mw(0,p) + wa(t, p) even after the switching time 6(p). In the present case with
D4 = Dpg, this is the path which the particle follows anyway. We write N*(z,t)
for the number of particles at (z,t) in P*. In our case this is just the total number
of particles at (z,t) which are different from the finitely many original B-particles.
{N*(z,t) : z € Z%,t > 0} is stationary in time, and at each t the N*(z,t),z € Z¢,
are i.i.d. mean p4 Poisson variables. From this description we see that

Na(z,t) < N*(2,t), and Na(z,t) + Np(z,t) > N*(z,t) 2z€Z%t>0. (5.5)



SPREAD OF A RUMOR OR INFECTION 61
In particular, EN4(z,t) < EN*(z,t) = pa. Therefore, (5.4) is bounded by

> paP{[Si—s|| > [Katlogt]'/?} < Kat" 442 exp[— K, Ky log ]
S:kt_K_d_l
<t—[Kitlogt]*/?+1
(5.6)
(see (2.42) in [KS]). Taking into account the number of possibilities for z we find
that the probability in the left hand side of (1.7) is for large ¢ bounded by

PR T K5t TRvdri T Ket" 272 exp[— K4 K log t]

+ Z Z Z P{there is a B-particle

s=kt~K—d=1  2€C(C1t) y:|ly—z||<[Katlogt]t/?
<t—[Kitlogt]*/?+1

at z and an A-particle at y at time s = kt~% =91 but this,

A-particle is not turned into a B-particle by time t}.

We shall write U(k, z,y) for the event in the summand corresponding to k, z,y in
the triple sum here. We further write s for kt~% =971, We choose K, so large
that for t > some t; the sum of the first three terms here is at most 1/(2t). The
probability in the left hand side of (1.7) is then bounded by

%LK + > > > P{U(k,z,y)}. (5.7)

s=kt=K-d=1  2€C(Crt) y:lly—z||<[K2tlogt]/2
<t—[Kitlogt]*/?+1

The triple sum in (5.7) contains at most K;t5+4+2[C1#]? [Kot logt]9/? < Kgtf+3d+2
summands. We shall complete the proof of (1.7) by showing that each summand in
(5.7) is at most Kot~ 2K=39=3 for some constant Ky which does not depend on t.

At an intuitive level it seems clear that there should be a way to estimate these
summands which is similar to the one used in the proof of Theorem 2 for estimating
the probability that a fixed vertex x has not been reached by a B-particle by time
t. We have to be a bit careful, though, not to bias the relevant distributions by the
fact that there is a B-particle at the space-time point (z,s) or a certain number
of A-particles at (y,s). Nevertheless, the proof will follow Theorem 2 closely. As
before, we shall write Py for our original particle system.

In order to estimate the summand in (5.7) we shall make use of the monotonicity
property in Lemma 15. We shall compare the real system with a modified system,
which is constructed via two modifications. In each of these modifications we remove
particles and change some B-particles to A-particles, at time s. According to the
monotonicity property of Lemma 15, any particle which is present in both systems
at time t, and which has type A in the unmodified system, also must have type
A in the modified system. Now fix y and z as well as s < t, and make the first
modification as follows: at time s, at each z # z remove all particles of type B
which were added at time 0, and reset the type of the remaining particles at x to A.
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At x = z, if there are particles at (z, s) give them type B at time s. If there is no
particle at (z, s), put one B-particle at z at time s. If there is no B-particle at z or
no A-particle at y at time s before the modification, then the k, z, y term in (5.7) is
zero, so we do not care what the modification does in this case. In the other cases
there is at least one A-particle at y, and a B-particle at z, so y # z. In these cases
the A-particle at y is not removed, and the type of the particles at z is unchanged
by the modification, so the monotonicity property gives us that P{U(k, z,y)} can
only go up by this first modification. Note that after the first modification, we have
N*(x,s) A-particles at x, for any x # z, and Npg(z,s) V1 B-particles at z. These

N*(z,s),z € Z%, are ii.d. mean p4 Poisson variables. (5.8)

Now there are N*(y, s) A-particles at (y, s) after the first modification. Since all
particles at the same space-time point play the same role, each of these N*(y, s)
particles at (y, s) has the same probability of still having type A at time ¢. Order
the particles at (y, s) by some arbitrary rule. Then the k, z,y summand in (5.7) is
at most

E{N*(y, s)P{the first particle at (y, s) is still of type A

at time ¢ in the first modified system|fs}}. (5.9)

There is some dependence between N*(y, s) and the conditional probability factor
in this expectation. To handle this we make one further modification at y. In this
second modification we remove all but the first A-particle at (y,s). If there is no
A-particle at (y, s), then we add an A-particle at y. Since there is no contribution to
(5.9) from the sample points with N*(y, s) = 0, we can ignore how this modification
influences the conditional probability in (5.9) on the event {N*(s,y) = 0}. On
the event {N*(y,s) > 1} the second modification cannot decrease the conditional
probability in (5.9), once again by Lemma 15. Now, the second modified system
does not involve N*(y, s) anymore. In the second modified system the conditional
probability in (5.9) is replaced by

P{the unique particle at (y, s) is still of type A
at time ¢ in the second modified system|F}, (5.10)

which is a function of the N*(u, s) with u # y only. As we already observed, these
are independent mean p 4 Poisson variables, independent of N*(y, s). Consequently
(5.9) is at most

E{N*(y, s)} P{the unique particle at (y, s) is still of type A
at time ¢ in the second modified system}. (5.11)

The statement (5.8) suggests that we introduce two systems P*¥Y and P? say,
which have initial distributions as follows: Let N(u), u € Z% be a family of



SPREAD OF A RUMOR OR INFECTION 63

independent mean p4 Poisson variables. Then P?Y starts with N (u) A-particles
at u if u ¢ {z,y}, N(z) V1 B-particles at z and one A-particle at y. No other
particles are in the initial state. For P? the only change is that at y we put initially
N (y) particles, so that y is treated like all other sites u # z. The particles then
move and change type in P*¥Y and in P? according to the same rules as in Py. It
follows from (5.8) that the probability factor in (5.11) equals

P{the unique particle at (y,0) is still of type A at time t — s

in the system P>}
= P{the unique particle at (y,0) is still of type A at time ¢t — s

in the system P?|start with 1 A-particle at y}
< ﬁp{the first particle at (y,0) is still of type A at time ¢t — s

in the system P*}. (5.12)

Here e H44 in the right hand side represents P{N(y) = 1}. We further have
E{N*(y,s)} = pa, and t — s > [K;tlogt]'/? — 1, so that the k, z,y summand in
(5.7) is bounded by

et P{the first particle at (y,0) is still of type A

at time [Ktlogt]'/? — 1 in the system P?}.
(5.13)

Our task has now been reduced to estimating the probability factor in (5.13).
But the system P? is either equal to the original system Py with one B-particle
added at z (in case N(z) = 0) or is like the system Py, but with all particles at z
turned into B-particles at time 0, without the addition of an extra B-particle. In
both these cases we can basically repeat the proof of Theorem 2 to estimate (5.13).
We form a path s +— A(s) = A(s,y, z), s > 0, which starts at A\(0,y, z) = z and from
there proceeds according to the rules (i)-(v) in the proof of Theorem 2 (after the
proof of Proposition 9) with only one change in rule (v). We now want the path to
have a drift to the first particle which started at y, instead of to a fixed vertex x.
If we denote this first particle at y by ¢, then the position of ¢ at a time s equals
(s, ¢) =y + ma(s, ¢). Accordingly we change rule (v) to the following:

(v") if p(s—) jumps from A\(s—) = w to w’ at some time s such
that there is at least one other particle p’ at w at time s—,
then A(-) jumps to w’ at time s if and only if ||w’ — 7 (s, @)||2

< [Jlw — 7(s, ®)||2, and in this case again p(s) = p(s—); if,
however, ||w' — m(s,®)||2 > ||w — 7(s, @)||2, then A\(-) does

not jump at time s and we take p(s) = p’.
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Under these changed rules A(-) — 7(+, ¢) has a drift towards zero in the sense that
now

M(t) := [|A(t,z) — 7(t, §)|2

D, /O (1 ()1 () + oo (w)Tsa(w)]du — D /O T (u)du

(5.14)

is an {F;}-martingale, where analogously to (4.52)

N | 2

1(u) = o Z; [IAw) + e = 7(w, §)ll2 — A (u) — 7(u, §)l|2],

I>o(u) = 2_1d > I ) + e = w(u, @)ll2 — A (u) — 7 (u, $)]2],
and ) * is the sum over those ¢ € {1,...,2d} for which
[A(w) + ei = m(u, d)l[2 = [|AM(w) = 7w(u, §)]l2 <0,

and eqy; = —e;,1 < i <d; I;(u) and I>2(u) are the same as in (4.51). The extra

integral D 4 f[o . Iy (w)du (which was not present in the M(-) of (4.53)) has to be

introduced to compensate for the jumps of ¢. However, the proof that M is a
martingale is quite the same as for Lemma 10.

From here on one can follow the proof of Theorem 2. One merely has to replace
A(s)—x by A(s) —m(s, ¢) at most places and to take into account the jumps in M()
due to a jump of ¢. For instance the definition of o1 right after (4.60) should
now be

Ok+1 = min [ak + 1,inf{t > o : t is a jump of the

distinguished partcle p or of gb}]

One also has to note that ¢ should be replaced by [Kitlogt]'/? — 1 in everything
that comes after Lemma 11 in Section 4, but this is a trivial change to make. The
conclusion is that if K7 is chosen sufficiently large with respect to K5, then each
of the summands in (5.7) is bounded by K;t~34=2K=3 yniformly in k,y, z in the
ranges over which they are summed. As pointed out before this completes the proof
of (1.7).

Once we have (1.7), (1.8) easily follows by means of (1.5). Indeed, by (1.5),
outside a set of probability at most =%, each point in C((C2/2)t) has been visited
by a B-particle during [0,¢/2]. We then have by (1.7) that the additional probability
of some vertex z € C((C2/2)t) being occupied by an A-particle at time ¢ is at most
t=K. Thus, for large t the left hand side of (1.8) is at most 2t~ . |
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